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Abstract. For a class of pointed Hopf algebras including the quantized en- 
veloping algebras, we discuss cleft extensions, cocycle deformations and the 
second cohomology. We present such a non-standard method of computing 
the abelian second cohomology that derives information from the non-abelian 
second cohomology classifying cleft extensions. As a sample computation, a 
quantum analogue of Whitehead's second lemma for Lie-algebra cohomology 
is proved. 



Introduction 

Let us work over a field k, for a moment. Let H he a, Hopf algebra (over k). 
By the abelian 2nd cohomology H^{H,M) of H, we mean the 2nd Ext group 
Ext^(fc,M), where M is a left, say, _ff-niodule; it is canonically isomorphic to the 
2nd Hochschild cohomology HH^ {H, M) , in which M is regarded as trivial as a 
right _ff-module. 

On the other hand, by a non-abelian 2-cocycle, we mean a (right) 2-cocycle a : 
H (i) H ^ k, which is by definition a convolution-invertible /c-linear map satisfying 
the non-abelian, multiplicative 2-cocycle conditions given by (1.1), (1-2) in the text. 
Given such ct, the product on H is deformed in the following two ways 



y^cr(ai,bi)a2b2 



a-b := ^a{ai,bi)a2b2a ^(03,63), 

where a,b & H. Let ^H, H'^ denote the algebras defined by these deformed prod- 
ucts, respectively. Then, „!! together with the original regular coaction — > 
„H ® H form a right _ff-cleft Galois extension over k I^j, which we will call a 
right H -cleft object. As was shown by Doi [9], the natural equivalence classes of 
all 2-cocycles are in 1-1 correspondence with the isomorphism classes, Cleft(iJ), of 
all right iJ-cleft objects; in the text, the last symbol will denote the isomorphism 
classes of all left iJ-cleft objects, though the left and the right iJ-cleft objects are 
in 1-1 correspondence. On the other hand, H'^ together with the original coalgebra 
structure form a Hopf algebra, which is called a cocycle deformation of H |10j . „H 
is a left iJ°"-clcft object with respect to the original coproduct aH — > H'^ ® o-iJ, so 
that it is an {H'^ , H)-h\c\eit object. By Schauenburg's biGalois theory [26], H'^ is 
characterized as the Hopf algebra L with which is an (L, ff)-biGalois object. 
In [13], [Hj, dZj, [B], the authors classified right _ff-cleft objects for various iJ, and 
determined their associated Hopf algebras L\ see also [20) . 
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Let Uq denote the quantized enveloping algebra, due to Drinfeld and Jimbo, 
associated to a symmetrizable GCM (generalized Cartan matrix) A, in which q 
may be a root of 1; see Section 7. It has canonical generators Xf (i = 1, 2, . . . , n) 
of skew-primitives. Let (C/g)° denote the graded Hopf algebra defined in the same 
way as Uq, except that and X^ commute each other in (J7g)". As part of the 
main results of this paper, 

(1) (Theorem 7.8.2) we prove that Uq and ([/g)° are cocycle deformations of 
each other, giving an explicit isomorphism Uq ~ (Uq)'^ of coalgebras, and 

(2) (Theorem 7.14) we classify the central J7g-cleft extensions over a given com- 
mutative algebra Z 0, assuming det A ^ (e.g., A is of finite type), and 
that the order of q is large enough. 

By a central H-cleft extension over Z, we mean an _ff-cleft Galois extension over Z 
in which Z is central. It is identified with an. H ^ Z-c\eit object over Z; this fact 
would suggest us to work over a commutative ring rather than a field. Notice from 
(1) that the central Uq-cleit extensions and the central (C/g)'^-cleft extensions both 
over a fixed Z are in a categorical 1-1 correspondence. Assuming that the GCM 
A is of finite type, Giinther [T3] classified just as in (2) above, the central Uq-c\eit 
extensions, but his result, Satz 4.9, contains some minor error; see Remark 7.14. His 
method of computing is shown in |14j in the s[2-case. Under the same assumption 
as in [I3j, Kassel and Schneider [18] proved the result in (1). Our method is less 
technical, describing exphcitly a ((C/g)°, /7g)-bicleft object A, say. We remark that 
Uq and A are naturally filtered so that in particular in Uq, the zero part (Uq)o is 
spanned by the grouplikes. We will prove that the associated graded algebra gi A 
is a {{Uq)^ , gr Uq)-hicleh object, and indeed gr A = (Uq)^. As an advantage of our 
method, the next result follows. 

(3) (Theorem 7.8.1) (Uq)'^ and gr Uq are canonically isomorphic. 

Let H he a, Hopf algebra again in general. Let M be a vector space, and regard 
it as a trivial {H, iJ)-bimodule. Let 

kM = k®M = TM/{T^M) 

denote the tensor algebra TM divided by all homogeneous components of degree 
> 2. This has the projection tt : /cm — *■ fc as an augmentation. A central iJ-cleft 
extension A over kM is said to be augmented, if it has an augmentation A — > fc 
extending n. Let ZCleft£(_ff ; fc^) denote the set of the isomorphism (preserving the 
augmentation) classes of those augmented extensions. Given a Hochschild 2-cocycle 
s: H ®H ^ M, then 

(J : H ® H ^ kM, <j{a, b) = e{a)e{b) + s{a, b) 

is a 2-cocycle with values in kj^.j, and a{H (g) kj^.i) is a central H-c\eit extension over 
kM which is augmented with respect to e tt : a{H kM) k. We will prove (see 
Proposition 1.9) that s a{H ® kM) gives rise to a bijection 

H^{H,M) ^ ZCMt^{H;kM). 

(We remark again that we will work on the opposite side in the text.) The 
dual result with non-trivial coefficients was used in [21], [23] to prove the equi- 
variant smoothness of hereditary Hopf algebras, in which case information on 
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ZClefte(i7; was derived from H^{H,M). In this paper we apply the bijec- 
tion above in the opposite direction. When H = Uq, we will derive information 
from the result in (2) above, to prove 

(4) (Theorem 7.16) H^{Uq, M) = under the same assumption as in (2) and 
the additional assumption chfc 7^ 2. 

This is an essential part of a quantum analogue of Whitehead's 2nd lemma for 
Lie-algebra cohomology; see Remark 7.16.2. 

Let fc ^ be a commutative ring. Throughout we work over k, which will be 
supposed to a field only in the last Section 7 and Appendix. Then central cleft 
extensions can be captured as cleft objects, as was seen above. On the contrary we 
have the disadvantage that Schauenburg's biGalois theory [26] , in which the relevant 
Hopf algebras are mostly supposed to be flat over k, cannot apply, since those Hopf 
algebras which we will treat with do not necessarily satisfy the assumption. But, 
this does not matter, since, as we will see in Section 1, the necessary results from 
|26j hold true without the flatness assumption, in our restricted situation that the 
involved Galois objects are all cleft. 

We will actually derive the results cited above in (l)-(4), from the corresponding 
results for more general Hopf algebras, H^, , which generalize C/g, (Uq)'^ , respec- 
tively. Adopting the standpoint of Andruskiewitsch and Schneider [D [H [3], we 
construct H^, H° from a braided fc-module. Let V = 0jg/ kxi be a free /c-module 
with free basis {xi)i^i indexed by a finite set / 7^ 0. Let 

c -.V i^V ^ V iSiV, c{xi (g) Xj) — QijXj (g) Xi 

denote the diagonal-type braiding on V which is given by a matrix ((jfy)ijg/ with 
entries qij in the group k^ of units in k. Suppose that {V, c) is realized in a natural 
way as an object in the braided monoidal category ^yV of Yetter-Drinfeld modules 
over the group Hopf algebra kT, where T is some abelian group. Then the tensor 
algebra TV is naturally a graded, braided Hopf algebra in ^yV, which gives rise 
to an ordinary graded Hopf algebra TVxT, by the Radford-Majid bosonization. 
Given a system A = (Ay )ij of parameters Xij in fc, where are in a certain 

subset of / X /, we define as a quotient (ungraded) Hopf algebra of TV x F; 
see Definition 4.1. In the special case when all Xij are zeros, is denoted by 
(see Definition 2.2); it is of the form SxT, where 5 is a quotient graded braided 
Hopf algebra of TV. In Section 2, a left iJ°-comodule algebra A{X) is constructed, 
and is proved to be an iJ'^-cleft object. Moreover, it is proved to be an {H^,H^)- 
bicleft object, in Section 4. As a consequence we have that and are cocycle 
deformations of each other, and also that and gr are canonically isomorphic; 
see Theorem 4.3, Proposition 4.4. The iJ'^-cleft object A{X) does not concern any 
group 2-cocycle, or more precisely, the 2-cocycle ® k associated to ^(A) 

restricts to the trivial group 2-cocycle F x F — > k^ . Deformations of H'^ and 
A{X) by group 2-cocycles, or more precisely by those 2-cocycles H° (g) i/" k 
which arise from group 2-cocycles F x F — > A:^ along the projection H'^ — > kT, are 
discussed in Section 3. In Section 5, augmented central H^-cleit extensions over 
kn/j are discussed. We remark that their isomorphism classes (or the cohomology 
H^{H^,M)) depend on A, while we have GMt{H°) ~ Cleft(7?^), since H° and 
are cocycle deformations of each other. In Section 6, we put the additional 
assumptions (C1)-(C4), which includes the assumption that the matrix {qij) is of 
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Cartan type ^Lj in the sense that 

qijqji^qti' for all ijei 

for some GCM {aij)ij^i. Under the assumptions, the set Cleft(iJ^) and the coho- 
mology H^{H^, M) are determined by Theorems 6.3, 6.4. In Section 7, the results 
obtained so far are applied to prove results for the quantized enveloping algebra Uq 
and the Borel subalgebra Bq. In the Appendix, which was added on the occasion of 
revision, we refine Grunenfelder and Mastnak's proof of their very recent result [12j . 
which essentially asserts that the finite-dimensional pointed Hopf algebra u(T>, A, fi) 
due to Andruskiewitsch and Schneider [3j is a cocycle deformation of the associated 
graded Hopf algebra. 

Notation. The unadorned ® denotes the tensor product over k. For a commutative 
algebra Z, we let denote the group of all units in Z. For sets J, X, we let X'^ 
denote the set of all maps J ^ X. An element in X^^ is expressed so as a = {aj)j^j, 
regarded as a system of parameters aj in X. 

1. Preliminaries 

1.1. Cocycle deformations. Let H he a, Hopf algebra, whose coalgebra structure 
will be denoted, as usual, by 

A:H^H(g)H, A(a) (8)02; e : H ^ k. 

By an iJ-comodule we mean a left 7J-comodule V, whose structure will be denoted 
hj V I— > '^V-i (gi vq, V — > H (E) V . The _ff-comodules naturally form a A:-linear 
monoidal category, which we denote by ^ A4. This is not necessarily abelian since 
we do not assume that H is flat over k. 

A (right) 2-cocycle for _ff is a convolution-invertible /c-linear map H ® H ^ k 
such that 

(1.1) ^ (T(ai, 5i)o-(a262, c) = ^ (t(6i, ci)cr(a, 62C2) 

(1.2) cr(a, 1) =e(a) =cr(l,a) 

for all a,b,c E H . Given such cr, let if denote the coalgebra H endowed with the 
deformed product defined by 

a • 6 := ^ cr(ai, 6i)a2&2CT"^(a3, 63), 

where a,b E H. This H'^ forms a Hopf algebra with respect to the original unit 1 
and the deformed antipode S"^ as given in |TOl Theorem 1.6 (b)]. Given V € ^ A4, we 
can regard it as an iJ'^-comodule in the obvious way since H"^ = as a coalgebra. 
Denote this i/°'-comodule by ^V. Then we have a fc-linear monoidal isomorphism 

(1.3) "M^"°M, V ^ aV 
with respect to the monoidal structure 

(1.4) aV ® „{y ()5,W), v®w^^^a{v-x,w-i)v^®w^, 

k k ~ a-k (identity). 

We remark that the inverse a^^ is a 2-cocycle for H'^ , and {H'^Y = H. An 
inverse of (1.3) is given hy V ^ a-^V ■ 
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Definition 1.1. [TU] We say that two Hopf algebras L, H are cocycle deformations 
of each other if i ~ for some 2-cocycle a for H . The condition is symmetric, 
as is seen from the remark above. 

1.2. Cleft objects. A (left) iJ-comodule algebra A is said to be cleft [TT], if there 
exists a convohition-invertible iJ-colinear map (f> : H ^ A. This </) can be chosen 
so that (p{l) — 1. In this case, </> is called a section [9]. 

Definition 1.2. By an iJ-cleft object we mean a cleft _ff-comodule algebra A such 
that k~''°^A, where 

^ {ae A \ ^ a_i flo = 1 (g) a}, 

the subalgebra of iJ-coinvariants. 

A section </> : iJ ^ A of an _ff-cleft object A is necessarily bijective. 

Lemma 1.3. An H-comodule algebra map A A' between H-cleft objects is 
necessarily an isomorphism. 

Proof. This is a special case of [20j Lemma 1.3]. □ 
Let 

Cleft (F) 

denote the set of the isomorphism classes of all iJ-cleft objects. 

Let a : H ®H ^ khe & 2-cocycle. If A is an 7J-comodule algebra (or an algebra- 
object in ^ M), then ^A is an if^-comodule algebra with respect to the deformed 
product 

a ■ b :— cr{ai, 61)0262 (1, b G A). 

Lemma 1.4. The monoidal isomorphism (1.3) gives a bisection 

Cleft (if) ~ Cleft (7J'"). 

Proof. A section (p : H ^ A gives a section H"^ — > crA. □ 

As a special right TJ-comodule algebra, a right H-cleft object is defined in the 
obvious way. Let L be another Hopf algebra. An (L, H)-bicleft object is an (L, H)- 
bicomodule algebra which is a cleft object on both sides. Let A be such an object. 
Then the cotensor product 

(1.5) ADh -."M^^M 

gives a fc-linear monoidal functor whose monoidal structure is given by those natural 
isomorphisms 

(1.6) {AnHV)(g){ADHW) ^ AOHiV (g)W), 

(1.7) k^ADnk 

that arise from the algebra structure on A. Working over a commutative ring, 
we should be careful about the cotensor product. But, since A ~ H a,s right H- 
comodules, and since we have a natural isomorphism V ~ HOhV, it follows that 
the maps in (1.6), (1.7) are indeed isomorphisms in ^M. 

Let a : H ® H ^ k he a. 2-cocycle. Then, crH is a right i?-cleft object whose 
structure is given by the coproduct A : aH aH ® H; see [U Proposition 1.1] 
or [24l 7.2.2]. Moreover, is an (if^, 7J)-bicleft object, by Lemma 1.4. The 
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monoidal functor ctHDh '■ ^Ai ^ ^A as given by (1.5) is naturally isomorphic 
to the isomorphism (1.3). 

Conversely, let A be a right iJ-cleft object. By JTV, Theorem 11] (or see [MJ 
7.2.2]), a section (j) : H ^ A turns into an isomorphism of right _ff-cleft objects, if 
we replace H with ^11, where a : H ® H ^ k is the 2-cocycle defined by 

a{a, h)^Yl (t>{ai)4>{hi)r\a2b2) (a, h e H). 

Lemma 1.5 (cf. |26[ Theorem 3.9]). Suppose in addition that A is an (L, H)-bicleft 
object with L-coaction p : A L®A. Suppose that there is a coalgebra isomorphism 
f : H ^ L which makes 

H ^ > H®H 

A — — > L®A 

commute, then f turns into an isomorphism ^ L of Hopf algebras, so that L 
and H are cocycle deformations of each other, and the monoidal functor (1.5) is 
an equivalence. 

Proof. As is easily seen, in order for A : H (g) to be an algebra map, 

the algebra structure on the coalgebra H must coincide with that structure on iJ'^. 
This proves the lemma. □ 

A natural equivalence relation is defined among 2-cocycles (see fSI), so that 
a I— » „H gives rise to a bijection from the set of the equivalence classes of 2- 
cocycles for H onto the set Cleft^(iJ) of the isomorphism classes of right _ff-cleft 
objects. 

A left 2-cocycle t : H ® H ^ k \s a, convolution- invertible fc-linear map which 
satisfies the mirror-image formulae of (1.1), (1.2). Given such r, we have the left 
iJ-cleft object Ht- which is constructed just as aH , but the side is converted. If a is 
a right 2-cocycle, is a left 2-cocycle, and vice versa. One sees that i— > H^-i 
gives a bijection 

Cleft'^(7J) ~ Cleft (i?). 

1.3. Augmented cleft extensions and the 2nd cohomology. Let Z ^ be 

a commutative algebra. A central H-cleft extension over Z is a cleft iJ-comodule 
algebra A which includes Z as a central subalgebra so that Z = ''"^ A. Let 

(1.8) ZCleft(i7;Z) 

denote the set of the isomorphism classes of all central ff-cleft extensions over Z. 
It is naturally identified with the set Cleft (iJ ® Z) of the isomorphism classes of 
H (g) Z-cleft objects over Z. 

Suppose that Z is augmented with respect to an algebra map : Z — > fc. 

Definition 1.6. An augmented central H-cleft extension over Z is a pair (A, e^) 
of a central iJ-cleft extension A over Z, together with an algebra map £a ■ A k 
extending ez. An isomorphism of those extensions is an augmented, iJ-comodule 
algebra isomorphism fixing each elements in Z. We let 

(1.9) ZClefte(i?;Z) 

denote the set of the isomorphism classes of augmented central iJ-cleft extensions 
over Z. 
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Let A = {AjEa) be such an extension defined as above. 

Lemma 1.7. A section cj) : H ^ A can be chosen so that it is augmented, or 
namely e = eA° (t)- 

Proof. Replace cf) with a ^ ^ 0(ai)£yi(0^^ (02)), H ^ A. Notice that this is 
augmented, being stiU a section. □ 

A section cf) : H ^ A gives rise to a left 2-cocycle with values in Z, 

t:H®H^Z, T(a, b) = Y^ (j)-^{ai,bi)(j){a2)^ib2). 

Suppose that (p is augmented. Then, r is augmented in the sense e ® £ = o r, 
whence r — e (8) e has values in Keiez- We then have the central H-c\eit extension 
{H (g) Z)r over Z, which is augmented with respect to e (E) Sz ■ {H ® Z)^ k. One 
sees that 

{H igi Z)r A, a®z^^(l){a)z 
is an isomorphism of augmented central i7-cleft extensions over Z . 

Definition 1.8. [71 Chap. X] Given a right i/-module M, we define the n-th 
cohomology k-module H^{H, M) of H with coefficients in M by 

M) = Extf^^,)(fc, M) (n > 0), 

where the right-hand side denotes the relative n-th Ext group [T9', Chap. IX], in 
which k is regarded as a trivial right i7-module through e. 

Recall that Ext"j:^ j.) (fc, M) is naturally isomorphic to the Hochschild cohomology 
HH''{H, gM), where denote the [H, i?)-bimodule M with the original right H- 
action and the trivial left if-action through e. For the standard complexes for com- 
puting HH"'{H, gM) gives a non-standard complex for computing Fixt^j^ f.^{k, M). 
It follows that if M is just a /c-module, then it is possibly regarded as a trivial H- 
module both on left- and right-hand sides, but the fc-module Ext"^ j.) (fc, M) does 
not depend on the side. Indeed, the (bi)modules over a Hopf algebra which we are 
going to treat with are all trivial, except in Remarks 1.10.2, 7.16.3. 

Fix a fc-modulc M, which we regard as a trivial i7)-bimodulc. Define an 
algebra kM by 

(1.10) kM^k®M = TM/{T^M), 

the tensor algebra TM divided by all homogeneous components of degree > 2. 
Thus, mm' = in kM, if m,m' G M. This is augmented with respect to the 
projection kM k. 

Proposition 1.9. (1) An augmented left 2-cocycle t : H®H kM arises uniquely 
from a (normalized) Hochschild 2-cocycle t : H ® H ^ M, so that 

(1.11) T{a,b) = e{a)e{b) +t{a,b) {a,b e H). 

(2) Given a Hochschild 2-cocycle t : H ® H ^ M , define a left 2-cocycle t : 
H ® H ^ kM by (1.11), which is augmented. Then, t ^ {H ® kM)T gives rise to 
a bijection 

H^{H,M) ^ ZClcfte(-ff;fcM). 

Proof. This last map is surjective, as is seen from the argument preceding Definition 
1.8. For the remaining, see the argument given in the proof of [211 Theorem 4.1]. □ 
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Remark 1.10. (1) As is seen from the proposition above, augmented left 2-cocycles 
(with values in /c^/) are precisely augmented right 2-cocycles. There is a bijection 
between the set ZC\eit^{H; Um) and its right-hand side version, say ZCleft^(77; ku)- 
(2) Augmented (not necessarily central) H-cleft extensions over /cm are defined 
in the obvious way. Let Cleft£(_ff; knj) denote the set of their (augmented) isomor- 
phism classes. The last cited argument in 21, actually proves a bijection 

IjH^iH, {M,a)) ~ CMl,{H-kM), 

a. 

where a runs through all right i7-modulc structures a : M iJ ^ M on M. See 
also [23l Remark 1.6]. 

1.4. Yetter-Drinfeld modules over a group. Let F be a group. We do not 

assume here that F is abelian, though we will do in later sections. 

Let p3^I> denote the fc-linear braided monoidal category of Yetter-Drinfeld mod- 
ules over the group Hopf algebra fcF, which is abelian; see [17l Chap. IX, Sect. 5], 
[24l Sect. 10.6]. Thus an object in \yT> is a F-graded fc-module V = ®ggr ^9 given 
a left A:r-module structure such that 

gVhCiVghg-i ig,heT). 

If F is abelian, this condition means that each component Vg is F-stable. If an 
element w S V is homogeneous, and v e Vg, then we write \v\ = g. Besides the 
obvious tensor product V (E)W and unit k, has the braiding 

c:V(g)W^W(g)V, civ(E)w) = \v\w(g)v. 

By cocycles, coboundaries or cochains for F, we mean those in the normalized 
standard complex for computing the group cohomology H'{T, ). The F-module 
of coefficients will be always trivial. Fix a 2-cocycle ctiFxF^A;^. It gives rise 
to a right (and at the same time, left) 2-cocycle fcF eg) fcF ^ fc for the group Hopf 
algebra fcF. As a special case of (1.3), we have a fc-linear monoidal isomorphism 
V i-^ aV, ''^M ^ ^^M. The structure (1.4) now turns into 

(1.12) „V (S) aW ^ a{V C^W), V (»w ^ a{\v\,\w\)v (»w. 

If y G r3^2?, endow the F-graded fc-module a-V with the deformed F-action 

where g,h eT, v e Vh\ cf. Lemma 2.12]. One sees „V G ^.yV. 

Proposition 1.11 (Takeuchi). Moreover, V i-^- aV gives a k-linear monoidal iso- 
morphism p3^2? —>■ ^^yV which preserves the braiding. 

Let i? be a braided Hopf algebra in {^3^2?. Then, crR is necessarily a braided 
Hopf algebra in ^yV. 

Proposition 1.12 (Takeuchi). Explicitly, „R has the following deformed product 
and coproduct 

a-b :— a{g,h)ab {a E Rg, b E Ru), 
A(a) := ^cr~^(|ai|, |a2|)ai (g) 02 (a G i?), 
while its unit, counit and antipode are the same as the original ones. 
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Keep R as above. By the Radford-Majid bosonization [25] (or see [211 Sect. 
10.6]), we have the ordinary Hopf algebra RxT. As a fc-module, RxT — R^kT. 
To denote an element, we will write ag for a® g, where a € i?, i? G F. RxT is the 
smash (or semi-direct) product i? x F as an algebra, and is the smash coproduct 
R >■* kV as a coalgebra. Explicitly, its product and coproduct are given by 

{ag){hh) = {a{gh)){gh), 

= ^ai{9\a2\)®a2g, 

where a ^ R, g, h T. From ^rR, we obtain the Hopf algebra ^-RxF. Through 
the projection i?><jr ^ fcF, a gives rise to a right 2-cocycle for i?><3F, which 
constructs the deformed (i?><jr)'^. 

Proposition 1.13 (Takeuchi). ag ^—>■ a{\a\, g)ag gives a Hopf algebra isomorphism 

^RxT ^ {RxVy. 

The author learned the last three propositions, which are all directly verified, 
from M. Takeuchi's lectures in 2002 for the graduate course at Tsukuba. 

1.5. Graded coalgebras and Hopf algebras. By graded coalgebras or Hopf alge- 
bras, we mean N-graded those objects, where N = {0, 1,2,.. .}. Let C = ^(") 
be a graded coalgebra. Then, C(0) is a coalgebra. Being a direct summand of C, 
it can be called a subcoalgebra of C. 

Lemma 1.14. Let A be an (ungraded) algebra. A k-Unear map f : C ^ A is 
convolution-invertible if and only if the restriction f\c{o) : C(0) — > A onto C(0) is. 

Proof. To see the essential 'if part, notice that if /|c(o) is convolution-invertible, 
then for every n, the restriction f\c„ onto C„ := 0"^o C{i) is, too, since the kernel 
of the restriction map Hom(C„, A) Hom(C(0), A) is a nilpotent ideal. □ 

Corollary 1.15. Let H be a bialgebra. Suppose that H is graded as a coalgebra 
so that the zero component H{0) is a group Hopf algebra. Then, H has a bijective 
antipode. 

Proof. By Lemma 1.14, the identity maps H ^ H, H'^°p H are both convolution- 
invertible, since their restrictions onto the zero components are. By [ill Proposition 
7], H has an antipode and a pode, which are necessarily mutual composite- inverses. 

□ 

Those Hopf algebras which we are going to treat with all satisfy the assumption 
of Corollary 1.15, whence their antipodes are bijective, by the corollary. 

2. The Hopf algebra and its cleft objects ^(A) 

Let us list up the symbols which will be defined in this section, and will be used 
throughout in what follows. 

F, f, / (=/lU/2U---U/Ar) 

V = {x,,gi,Xi}iei, q = 

e, s, Tz, 7^^ TZ{X), h°, a{x) 
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Let r be an abelian group, and let T denote the character group, i.e., the group 
of all homomorphisms F — > fc^ . Let / be a non-empty finite set. 

Let q = {qij)i,jei be a square matrix with entries qij in . Let gi S F, G T, 
such that 

Xj{gi)^qi] {i,jei). 

Let V — ®i^ikxi be a free /c-module with basis {xi)iizj. This is made into an 
object in ^yV with respect to the structure 

\xi\^gi, gxi^xi{9)xi (5 e r). 
To indicate the structure we will write 

(2.1) V = {x,,g,,x^}^&I^ly'^■ 
The associated braiding is given by 

c:V®V^V®V, c{xi (g) Xj) = qijXj (g) Xi. 
As a braided fc-module, V is thus of diagonal type |T], afforded by the matrix 

The tensor algebra TV on V is naturally a graded, braided Hopf algebra in ^yV, 
in which every element in V is a primitive. Its bosonization will be denoted by 

(2.2) F^TVxT. 

This is a graded Hopf algebra with zero component fcF. Let Bi denote the braid 
group of degree I. The braiding c onV gives rise to a A:_B/-module structure on the 
l-th power tensors T^V . Especially, the braided commutator [1 is given by 

(adf, Xi){xj) = (1 — c){xi ® Xj) = Xi® Xj — qijXj ® Xi. 

Lemma 2.1. Ifqijqji ~ 1, then (ad^ Xi){xj) is a primitive in TV, and is a (1, gigj)- 
primitive in F. 

This is well known. In general an element y in a coalgebra is called a {g,h)- 
primitive, where g, h are grouplikes, if A(?;) = y ® g + h ^ y; it is called a skew- 
primitive without specifying g, h. 

Associated to q = {qij) is the graph having / as the set of vertices, in which 
distinct vertices i,j are connected by an edge if and only if qijQji =/= 1- Fix a 
partition 

/ = /l U /2 U • • • U /at 

of / into non-empty subsets Ir [r ~ 1,2,..., N) which are mutually disconnected 
(in the graph) and disjoint. We write \i\ = r, if « e Ir- We have 

(2.3) qijqji = 1 whenever \i\ ^ 
Define 

(2.4) e = {(z,j)G/x/||z|>|j|}. 

Let 7?. be a subset of TV consisting of elements of the form 

(2.5) i{x^^ ®x^^®---®Xi,) {l>2, ^ekBi), 

where |ii| = |z2| = ■ ■ ■ ~ \ii\. Notice that the element above is of degree giigia ' ' 
in F. Suppose that TZ includes a sequence of finite length L > 0, say, of subsets 

= 7^(o) C TZ^i) C • • • C 7^(i) = TZ 
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such that for each < h < L, every clement in Ti-^h) is a primitive modulo (7?,(?i_i)) 
in TV; in particular, every element in 7^(i) is required to be a primitive. One then 
sees inductively that each ideal (TZ(h)) in TV generated by Tl(h) is a homogeneous 
braided Hopf ideal of TV. Let TZ^ denote the union of the set TZ with the primitives 
(see Lemma 2.1) 

(2.6) {a.d,Xi){xj) ((i,i)ee). 
Obviously, {TZ^) is also a homogeneous braided Hopf ideal in TV. 
Definition 2.2. Let 

S = TV/{TZ°) 

denote the quotient graded braided Hopf algebra, and let 

denote the bosonization. Notice that — F/{TZ°), which denotes the quotient 
graded Hopf algebra of F by the ideal (7^°) generated by TZ° in F. 

Define 

(2.7) E = {{i,j)€e\XiXj = n, 
where the 1 in the condition denotes the constant map 5 i— > 1. 

Definition 2.3. Given A = (A^) e k~, let 7^(A) denote the union of the set IZ 

with the elements 

(2.8) {a.dcXi){xj) - XijgiQj € S), 

(2.9) {adcXi){xj) {{i,j)GQ\E) 
in F. Define a quotient algebra of F by 

A{X) = F/in{X)). 

If Xij = for all G S, then 7^(A) = 7^°, and A{X) = H^. We unify the 
expressions (2.8), (2.9) into 

(2.10) {&dcXi){xj) - Xijgigj 
by setting Xij = for £ Q\S. 

Lemma 2.4. The coproduct A : F —>■ F (E) F composed with the quotient map 
F F ^ H° A{X) factors through A{X) ^ H° A{X), by which A{X) is an 
H^-comodule algebra. 

Proof. Notice first that the element y, say, given by (2.10) is sent by A to (adc Xi){xj)^ 
1 + 9i9j y- Then the result follows by induction on L. □ 

We have a direct sum decomposition 

V = Vi®V2®---®Vn in lyV, 
where 14- = 0^^/^ kxi. The set IZ is divided so as 

7^ = 7^l u u • . • u Tejv 



12 



AKIRA MASUOKA 



into those mutually disjoint subsets TZr which consists of all elements (2.5) such 
that r = |zi| (= 1^21 = • • • = We have the graded algebras TVr/{Rr)- Define a 
fc-module by 

TVi TV-y TVn 

The tensor product of the canonical algebra maps TVr/ (TZr) (^ = 1:2,..., N), 

composed with the product A(A)®^ ^(•^): induces a right fcF-linear map, 

(2.12) e{X) : E ^ A{X). 
Especially we have 

e := e(0) : E ^ . 

We remark that each TVr/{Tlr) is a graded, braided Hopf algebra in ^.yD. As the 
bosonization of their braided tensor product, E has a natural graded Hopf algebra 
structure. We see easily that e is a graded Hopf algebra map. 

Proposition 2.5. (1) These maps e(A), e are bijective. 

(2) The composite 

(j){X) := e(A) o : H" ^ A{X) 

is a section. 

(3) A{\) is an H'^ -cleft object. 

Remark 2.6. Fix 1 < r < A^. By Lemma 2.4 and Part 1 above, e(A) (resp., e) 
embeds the Hopf algebra 

TV 

(2.13) ^^^-(^>^r 

obtained as the bosonization of TVr/{TZr), into A{X) as a subalgebra (resp., into 
as a Hopf subalgebra), so that the structure map A{X) (g) A{X) restricts 

to the coproduct of Er. Moreover, the section ip{X) above restricts to the identity 
map of Er. In this sense, the pair (A(A), (/)(A)) restricts to the E'^-cleft object Er 
with the obvious section id. 

We will prove the proposition by induction on L. 

Lemma 2.7. Proposition 2.5 holds true in L — 0. 

For the proof of Part 1, we will apply Bergman's diamond lemma [5', Proposition 
7.1] for i?-rings. Recall that for an algebra R, an R-ring is an algebra given an 
algebra map from R. 

Proof of Lemma 2.7. Suppose L = 0, or namely TZ ^ $. Then, E = TVi ® ■ ■■ ® 
TVn ® fcr, in particular. 

(1) It suffices to prove only for e(A). Notice that ^(A) is a fcF-ring, which is 
generated by the elements Xi {i ^ I), and is defined by the relations 

(2.14) x,Xj = qtjXjX, + Xijgig.j ((i, j) e 6), 

(2.15) gx^ = Xi{9)xzg {i e I, g £ F), 

where by convention, Xij = if {i,j) ^ S. To apply [H Proposition 7.1], we 
introduce a total ordering into {xi)i(zj (or into /), such that i > j if \i\ > and 
consider the lexicographic ordering on the monomials in Xi. Then the relations 
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(2.14), (2.15) are naturally regarded as a reduction system. Essential is to prove 
that the overlap ambiguities which arise when we reduce 



are resolvable. One sees by computation that the reduction results of (2.16) in two 
ways differ by 



But, this is zero, implying the desired resolvability. For if i G /, (i, k) G 0, 



By O Proposition 7.1], ^(A) has a right fcF-free basis Xi^Xi^ ■■ 'Xii, where / > 0, 
Nil < K2I < ••• < This proves Part 1. 

(2) (f){X) preserves unit, since e(A), e do. We have the obvious embedding E ^ F 
of (right fcP-module) coalgebras, and its composite with F A{X) is precisely e(A). 
We see from Lemma 2.4 that 4>{X) is i/^-colinear. It is convolution-invertible by 
Lemma 1.14. 

(3) Since 4>{X) is an i?°-colinear isomorphism, k is precisely the i/^-coinvariants 
in A{X), whence Part 3 follows. □ 

Suppose that we have proved the proposition in L — 1, and let H'^ , A{X) denote 
those i?", ^(A) defined by supposing TZ = TZ^L^iy They both then include 



as well as fcP, as subalgebras. Choose an arbitrary element in TZ as given by (2.5), 
and let y denote its image in Tr, where we have set r = (= \i2\ = ■■■ = 
Notice that TV is graded so as TV ~ ®m=o'^r{'rTi), where Tr{m) denotes the 
component of degree m. Then, y G Tr{l). 

Lemma 2.8. Keep the assumptions and the notation as above. Suppose \j\ ^ r. 
Then both in H'^ , and in A{X), 

Proof. In H^, this holds true since y is a fc-linear combination of the monomial 
Xi-^Xi^ • ■ ■ Xii and its permutations. 

To prove in A(A), let p : A{X) ^ ® A{X) denote the structure. Set 

z — Xjy — Qji^ ■ ■ ■ qji^yxj. 

By assumption, y is a primitive in T,.. By the induction hypothesis, we see from Re- 
mark 2.6 that p{y) = y(S)l+g'S>y, where g — gi^ ■ ■ ■ gi^ . Since xjg = qji^ ■ ■ ■ Qjiigxj, 
we see 

p{z) — z ®1 + ggj ® z — ggj ® z. 
Again by the induction hypothesis above, z = cggj for some c € k. But, c must be 
zero, whence z = 0, as desired, since we see by induction on m that in A(X), 



(2.16) 



x.XjXk {\i\ > \j\ > \k\) 



(qijqikXjk — Xjk)xi + {qijXik — qjkXik)xj + {Xij — qikqjkXij)xk. 




(2.17) 



Tr := TVr/{nr H 7^(i_l)) (1 < r < iV), 



(2.18) 

provided |j| ^ r. 



XjTr{m) C Tr{m)xj + Tr{m — 1)P (m > 0), 



□ 
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Proof of Proposition 2.5. To prove in L, keep the assumptions and the notation as 
above. Fix r, and let denote the ideal of Tr generated by the natural image of 
Tlr. Notice from (2.18) that f^f^r f^f^r in i(A), for all s. By Lemma 2.8, we 
see that both in and in ^(A), TgQrT = arTgT for all s. Obviously, Fa^ = a^F. 
Hence in the both algebras, the ideal generated by the image of TZ,- equals 

Ti • ■ • Tr-ittrlr+i ■ • • TnT. 

This proves Part 1. We see that 4>{X) is i7°-colinear since it is induced from the 
i/^-colinear (j>{X). The remaining can be proved as Lemma 2.7. □ 

Remark 2.9. Proposition 2.5 holds true even if we rearrange the TVr {r — 
1, . . . , N) in E in an arbitrary order. To see this, it suffices in the proof of Lemma 
2.7.1, to replace the relation (or reduction) (2.14) with the equivalent 

if |i| < |j| in the new ordering. 

3. Deformations of A{X} by group 2-cocycles 

Let Z^(F,fc^) denote the group of all normalized 2-cocycles F x F ^ fc^. Let 
(T G Z^(F,fc^). We will write a for the inverse a^^. From V ~ {xi, gi,Xi}iei iii 
(2.1), we obtain by Proposition 1.11 

(3.1) aV = {x,,g,,xfhei (^ryT^, 
where 

(3.2) ^f(g)^Z^^^(g) (ger). 

The associated braiding c" : cVi^aV ^ ^V^^V is given by c° [xi®Xj) — q^Xj®Xi, 
where 



(3-3) 9^ = ifr^.^^r 



g(g»:.gj) ^ 

c^(3j,5i)' 

See O Lemma 2.12]. Regarding cr as a right 2-cocycle for through the projection 
H'^ ~ SxV ^ fcF, we obtain {W^Y , c,A{\). We aim to describe explicitly these 
deformed objects. 

Choose another r e Z^{T, k^). Then we have the F-graded algebra TV Xt F of 
crossed product; it differs from the smash product TV x F only by 

(3-4) 99 = T{g,g')gg' {9,g' <Er), 

where g (= 1 (g) g) in TV x F is denoted by g in TV x^ F. Let Q be a set consisting 
of such elements in TV x .r F of the form 

(3.5) ^{xi^ (g> Xi^ (g) ■ ■ ■ (g> Xi^) - cg^^gi^ ■■■gh, 

where ^ > 2, ^ e kBi, c £ k. Notice that the element above is of degree gi^gi2 ■ ■ ■ gu 
in F. 

Definition 3.1. Read every element (3.5) in Q as an element in T^V x^t F, by 

replacing the action by ^ with what arises from c" ^ and taking gi^gi2 ■ ■ ■ ffi, as the 
product given by err. Let denote the subset of T^V Xo-t F consisting of thus 
read elements. 
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Lemma 3.2. (1) The natural embeddings of aV , T into n{TV Xr F) induce an 
isomorphism ofV-graded algebras, 

(2) The isomorphism above induces an isomorphism, 

TaV Xar r/(aQ) ^ a{TV X, r/(Q)). 

Proof. (1) We see from (3.2) that such a F-graded algebra map as above is defined. 
To see that it is an isomorphism, it suffices to apply the result below in the special 
case when Q = 0. 

(2) In general let A be a F-graded algebra including y as a F-graded submodule. 
Let 

(3.6) y = ^{xi, ^ x^^ (g) ■ ■ ■ (S> Xi,) Q T^V, 

where Z > 2, ^ e fci?;, and let „y be the corresponding element in T^^V road as 
above. By considering the ^fold iteration ^1^® • • - (^ctI^ — > ct(1^<8) • ■ • V^) of (1.12), 
we see that the producit of aU taken in ^^A differs from the product of y taken in A, 
only by scalar multiplication by 

(3-7) u := <j{gn,gi2)<j{gh9i2,9i3) ■ ■■<^i9ii ■■ -911-1,911) ■ 

Suppose A = TV x^ F/(Q). Then it follows that the composite 
T^V x^rT ^ a{TV >^rT) ^ 

induces 

f:B:=T^Vx,rr/i„Q)^^A. 

This is surjective, since whose image contains the natural generators, is surjec- 
tive; recall here a = a~^. By applying the result to B, we have an epimorphism 

h: A^TV yOrT/iQ) ^ aB. 

Since the composite ^ho f is the identity map of B, / is a isomorphism. □ 

Remark 3.3. Let y, u be as in (3.6), (3.7). As is seen from the proof above, 
the canonical, braided Hopf algebra map T^V — > a{TV) is an isomorphism, under 
which „y i-^ uy. 

Recall from Section 2 the constructions 

S = TV/{n^), = TV><V/{n^), A(A) = x F/(7^(A)). 

Notice from Remark 3.3 that the set a'RP together with 

= o-'^(O) C C • • • C crT^(L) = crT^ 

satisfy the same conditions as what was required to TZ, so that T^V / {crT^(h)) — 
criTV / {7i(ji))) (0 < ft < L) as graded braided Hopf algebras. Moreover, 

^,^//(,7^"), T^vxT/i^n") 

are a graded, braided Hopf algebra in pJ^X*, and an ordinary graded Hopf algebra, 
respectively. o-'7^(A) is the union of the set o-T?. with the elements 

Xi (g) Xj - qfjXj ^Xi- XijMj e ©) 

in T^V>^„T. 
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Notice that TV x o- F is a TV >< F-comodule algebra with respect to the algebra 
map 

(3.8) TV x^T ^ {TVxT)(^{TV >i„T) 

given by Xi ^ Xi ® 1 + gi Xi [i & I), g ^ g ® g {g & F). This is indeed a cleft 
object for which the identity map 

(3.9) iA:TV><iT -.TV yi„T, 

with both identified with TV ® fcF, is an obvious section. Analogously, T„V xio- F 
is a TcrFxF-cleft object. This induces a T (^V xT / {„VP)-como6M\c algebra, 

T,F>^,F/(,7e(A)), 

as is easily seen. This is a cleft object, too, as will be seen from the next proposition. 
Proposition 3.4. (1) Xi ^ Xi (i & I), g ^ g (g ^T) give rise to isomorphisms 

TaV/i^TZ") ^ ^S, 

(3.10) T^v><r/{^n°) ^ ^SxT = {H°y 

of graded, braided Hopf algebras in ^yV, and of graded Hopf algebras, respectively. 
(2) Xi ^ Xi (i G I), g g (g gT) give rise to an algebra isomorphism 

T„V>^,r/{,TZ{X))^,A{X), 

which is compatible with (3.10) through the left coactions. 

Proof. This follows by Lemma 3.2 and Proposition 1.13. □ 
Let a e Z2(F,A;^). Define sf e f by 

(3.11) = (^^r). 

One sees = Xi IXii whence s"- G F; see (3.2). Define 

(3.12) E{a) = {{i,j)Ge\xiXj = sUj}- 

The condition given here is equivalent to XiXj =1- If c = 1, then S((j) = S; 
see (2.7). If a and a' in Z^{T,k^) are cohomologous, then s^ = s^ , whence 
E{a) = S(a'). 

Definition 3.5. Given /z = (/Xij) e fc"^'^^ let TL{a,jjL) denote the union of the set 
TZ with the elements 

(3.13) Xi (g) Xj - QijXj ®Xi- iJ.ijgigj iihj) G ©) 
in TV XI ctF, where we set = if ^ S(cr). Define 

(3.14) A{a,ti)=TVx,T/{Tl{a,fi)). 
The algebra ^(A) equals ^(1, A) with the notation above. 

Proposition 3.6. The algebra map (3.8) induces an algebra map 

A{a,fi) ^ H° ^ A{a,ii), 
by which A{a,iJ.) is an -cleft object. 
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Proof. Reconsider the construction of A{X), starting from ^V, in which case the 
set S in (2.7) is E{a). Set Q° = ^TZ°. Given /j, G E{a), let Q(/i) denote the union 
of the set with the elements 

Xi ® Xj - q^jXj (g)Xi - iiijgtgj .)) e 6) 

in T^VxT, where by convention, /Xy = if (i,j) ^ ^(cr). Then we have the 
T^y xr/(Q°)-cleft object T^V xir/(Q(;u)). Apply <,( ), and use the isomorphisms 
in Proposition 3.4. Then we see that A(cr, /i) is an i?°-cleft object, since = T^^, 
aQilj) = 72.(c7, /x). The section 

T^V >< r/(QO) -^T^V^ r/(Q(/x)) 

given by Proposition 2.5.2, applied with cr( ), gives rise to a section, 

(3.15) <i){a,iJL) -.H^ ^ A{a,ii). 

□ 

Remark 3.7. Fix 1 <r < N . Recall from Remark 2.6 the embedding Er ^ 

but consider now this to be given for Q, /U instead of V, TZ, A. With ) applied, 

it gives rise to an embedding 

TV 

(3.16) Er{a):=-^x,r^A{a,i,), 

which coincides with the canonical algebra map. It follows that A{a, n) together 
with the section (/)(c7, /x) above restrict to the E'^-cleft object Ej.(a) with the obvious 
section (see (3.9)), in the same sense as in Remark 2.6. 

We wish to classify all A{(j, /j) into isomorphism classes. Since V®kr in TV ><i F 

is isomorphically mapped into _ff°, we denote the images of the natural basis ele- 
ments Xi {i & I), g (g r) mV(BkT by the same symbols Xi, g. Let A be an i?''-cleft 
object. 

Definition 3.8. An element a in A is called an NB {normal basis) element for Xi 
(resp., g) if there is a section (j) : — > A such that a — 4>{xi) (resp., a = (/>(.g)). 

Lemma 3.9. With the notation as above, let g (& A) be an NB element for each 

(1) An arbitrary NB element for g is of the form ug, where u € . 

(2) If Xi (€ A) is an NB element for Xi, there exists Cg (€ k) for each g, such 
that 

(3.17) gxi = Xr{9)ii9 + CgCitg- 

Proof. (1) This is easy to see. 

(2) This holds since one sees that the element a := gXi — Xi{9)^i9 is sent to 

gig (g) a by the coaction A ()^ A. □ 

Keep A, g as above. 
Definition 3.10. An NB element Xi (e A) for Xi is said to be normalized, if 

(3.18) gXi = Xi{9)xig for ah g eT. 

By Lemma 3.9.1 this condition is independent of choice of g. 

Lemma 3.11. Fix i £ I. Suppose qa — 1 G k^ . Then there exists uniquely a 
normalized NB element Xi (€ A) for Xi . 
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Proof. Existence. Choose an NB element Xi for Xi. By Lemma 3.9.2, we have an 
element c (e k) such that giXi = quXigi + cgf. Set 

Xi=Xi + {qu - ly^cgt. 

Then one computes that g^ij = qax-igi. Suppose that a section cf) affords Xi so that 
(l){xi) = Xi- We can construct a fc-linear map f : S ^ k such that 

(3.19) = f{xj) = 5,j{qu-l)-'c Uel). 

Let 7 = / ® e : H° = S kT k, where e denotes the counit of kT; this 7 is 
convolution-invertible by Lemma 1.14. The convolution- product </> * 7 is a section 
which affords Xi . We remark that this change of sections does not change the values 
4>{xj), ipig) other than 4'{xi). 

Fix 5( e r. We have u € k^ such that ggt = ucng. Let us write i, for f j. Then 
we have (3.17). The reduction of ggiXi in two ways shows 

quCgmgm = Cggiggi, 

which implies Cg = 0, since qu — 1 € k^ . 

Uniqueness. Suppose that both desired ones. We see as in the proof 

of Lemma 3.9.2 that Xi — Xi = ecu for some c G k. The conjugation by gi gives 

{qucgi =) qu{xi - Xi) = cgi, 

which implies c = 0, since qu — 1 & k^ . □ 

Lemma 3.12. Let A((T,/i) he the H'^-cleft object as defined by (3.14). The images 
of Xi (i € I), g (g GT) under TV Xq- T — > ^(f, /u) are NB elements in which the 
images of Xi are all normalized. 

Proof. This follows by Remark 3.7. □ 
Definition 3.13. Let 

Z = Z{T,E;k) 

denote the set of all pairs [cr,^], where a £ Z'^{T,k^), ^ = {jiij) G k"^'^\ Given 
two pairs {a,iJ,), {a',ij') in Z, we write (a, /x) ~ (a',/x'), if there exists a 1-cochain 
rj : r — > fc^, i.e., a map with r/(l) = 1, such that 

(3.20) a' = a{dr]), 

(3.21) = l^ijV{9iH9j) ((i,i) GS((7)). 

Recall that (3.20) implies S(cr) = S(cr'). One sees that ~ defines an equivalence 
relation on Z. We denote by 

HiT,E:k)=Z/ 
the set of all equivalence classes in Z. 

Proposition 3.14. Suppose that qu — lG k^ for all i G I. Then, {a, fj,) 1— > A{a, ji) 
gives rise to an injection 

n{T,E; k)^Cleft{H°). 

Proof. Let {cr,iJi), {cr',fj,') be pairs in Z. By Lemmas 3.11, 3.12, an isomorphism 
A{(7', ^ A{cr, fi) must be induced from an algebra map / : TV >^ct' T — > TVXaT 
given by 

f{xi) = xi {iGl), f{g)=Ti{g)g {geV), 
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where rj : T ^ is a 1-cochain. We sec that / indeed induces the desired isomor- 
phism (see Lemma 1.3) if and only if (cr, /i) ^ {a' , fi'); this proves the proposition. 
In fact, / preserves the relations (3.4) (resp., the relations arising from (3.13)) if and 
only if (3.20) (resp., (3.21)) holds; it necessarily preserves each element in TZ. □ 

4. The Hopf algebra as a cocycle deformation of H° 
We fix A = (Xij) G fc", throughout this section. 
Definition 4.1. Let TZ^ denote the union of the set TZ with the elements 
(4.1) {ad,x,){xj) - \^J{g^gJ - 1) ((i, j) G 9) 

in the Hopf algebra F = TV ><T (see (2.2)), where we set Xij = if («,j) ^ S. 
Define 

= F/{n^). 

Notice that the clement given by (4.1) is a (1, gigj)-primitive in F. One then 
sees that H'^ is a Hopf algebra. If = for all (i,j) € S, then TZ^ = TZ°, and 
= H^; see Definition 2.2. 

Recall from Proposition 2.5 that wc have the iJ'^-cleft object ^(A). Recall from 
(2.11), (2.12) the definitions of E, e(A). 

Proposition 4.2. (1) The coproduct A : F ^ F ^ F induces an algebra map 
A{X) A{X) ® H^, by which A{X) is a right H^-comodule algebra. 

(2) The tensor product of the canonical algebra maps TVr/{TZr) — » (r = 
1,2, . . . ,N ), composed with the product [H^)®'^ , induces an isomorphism 

-.E ^ 

of right kT-module coalgebras. The composite 

(j)^ e(A) o (e^)-i : A{X) 

is a right -colinear section. 

(3) A{X) is an {H°,H^)-bicleft object. 

Proof. (1) Easy; see the proof of Lemma 2.4. 

(2) This together with the fact that A{X) is a right _ff '''-cleft object arc proved 
by induction on L, just as Proposition 2.5. The proof in L = is very similar to 
the proof of Lemma 2.7. Suppose that we have proved in L — 1, and let H^, A{X) 
denote those H^. A{X) defined by supposing TZ = TZ(l-i)- We claim that Lemma 
2.8 holds true in if^ as well. In fact we see from the proof of the lemma that the 
element 

Z = XjU Qjii ' ' ' QjiiV^j 

is zero in A{X). But, this element is sent by the right coaction A{X) A{X) (8> 
to the element 

2; (g) 1 + ggj ^ z = ggj iSi z in A{X) (g) H^, 

where g = gi^ - ■ - gi,- This implies that 2; = in H^, as desired. Then as in the 
proof of Proposition 2.5, the induction completes. 

(3) It remains to prove that A{X) is an (ff°, if-^)-bicomodule. But, this follows 
since A{X) arises from the {F, F)-bicomodule F. □ 

Remark 2.9 can apply to as well. 
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Theorem 4.3. and H° are cocycle deformations of each other. 

Proof. This follows by Lemma 1.5, since we have the following commutative dia- 
gram, in which the unlabeled arrow is the i/'^-coaction on A{X). 

E ^ > E®E 
A{X) > A{X) ® 

□ 

Recall that F — TV ><s V is naturally graded, with kV its zero component. Hence 
it has the induced filtration by N = {0, 1,2, . . .}. The quotient algebra map F 
A(X) induces a filtration on ^(A), with which the map turns into an epimorphism 
of filtered algebras. It induces an epimorphism F gryl(A) of graded algebras. 
Similarly, F — s- turns into an epimorphism of filtered Hopf algebras, which 
induces an epimorphism F — > ^ of graded Hopf algebras. We see that the two 
graded algebra epimorphisms factor through 

(4.2) i7°^gr^(A), H^^gvH^, 

the latter of which is a graded Hopf algebra map. Since the i/'^)-bicomodule 
algebra structure maps 

H° (g) A(X) ^ A{X) A{X) ® 
on A{X) are filtered, they induce an gr i/'^)-bicomodule algebra structure 
H" (g) gr A(A) ^ gr A(A) -> gr yl(A) (g) gr 

on gr^(A). 

Proposition 4.4. (1) gr 74(A) is an {H^ ,gi H^)-hicleft object. 

(2) The graded algebra map gr A(X) in (4-2) is an isomorphism. 

(3) The graded Hopf algebra map H'^ — > gr in (4-2) is an isomorphism. 

Proof. (1) Notice that e(A) : E A{X) is filtered, whence the section (j>{X) : 
A(X) is a filtered i7"-colinear map. It induces an isomorphism gr0(A) : H'^ ^ 
gr^(A) of graded _ff*'-comodules, which is convolution-invertible by Lemma 1.14. 
Thus, gr^(A) is a left i/'^-cleft object with section gr(/)(A). Similarly, gryl(A) is a 
right grff'^-cleft object with section gi(f>^. 

(2) The prescribed map is a map of i/'^-clcft objects, which is necessarily an 
isomorphism by Lemma 1.3. 

(3) It follows by [m Theorem 9] (or see [H 8.2.4]) that H° and gr A(A), being 
cleft, are right Galois objects for H''\ grH^, respectively. Combined with the 
result of Part 2, the (so-called Galois) isomorphisms [24, 8.1.1] which ensure the 
objects to be Galois show that the natural map g) — > gr A{X) g) gr is an 
isomorphism. Since (~ gr^(A)) includes fc as a direct sumniand, — > gr 

is an isomorphism. □ 

Let 7?,(A) denote the union of the set TZ with the elements 
{a.dcXi){xj) -f A.yT e 6) 

in F, where we set Ay = if {i,j) S. Define 

BiX) = F/(7^(A)). 
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Proposition 4.5. The obvious {F, F)-bicomodule algebra structure on F induces an 
[H^ , H^)-bicomodule algebra structure on B{\). Moreover, B{X) is an {H^,H^)- 
bicleft object. 

Proof. This can be proved just as Proposition 4.2. □ 

In the sequel we wih write A, B for A{X), B{X). 

Proposition 4.6. (1) The canonical isomorphism F ^ FOpF induces isomor- 
phisms 

a: H° ^ ADh>-B, f3 : ^ BDhoA 

of {H'^ , H'~')- and {H^ , H'^)-bicomodule algebras, respectively. 

(2) We have the following commutative diagrams consisting of {H^,H^)- and, 
resp., {H^ ,H'^)-bicomodule algebras and their isomorphisms, where the unlabeled 
arrows are canonical isomorphisms. 

H^OhoA — — - {AnH>.B)aHoA 



A 

AUhxH^ — — ^ AUHxiBUHoA) 

H^UjjsB ^ — - {BnH»A)nHxB 



B 



BDhoH" — — - BDHoiADH^^B) 

(3) We have the k-linear monoidal functors 

$A = ADhx : "''M -> "°M, 

$B = BDho : ""m ^ ^A^, 

which are mutually quasi-inverses. Moreover, aD^fo and /JD^/a induce isomor- 
phisms of monoidal functors, 

/„:id~$AO$s, //3 : id ~ $B o 
(<i>yl, $B, /q, //?) forms monoidal equivalence data in the sense of Takeuchi (29j ." 

thus, '^>Bfa = fa^A = $a//3- 

Proof. (1) It is easy to see that the bicomodule algebra maps a, /3 are induced. 
Being maps between cleft objects, they are necessarily isomorphisms, by Lemma 
1.3. 
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(2) This is verified directly. 

(3) This follows by Part 2. □ 

Let (cr, n) € Z{T, S; k). We have the iJ°-cleft object A{a, We wish to describe 
explicitly the corresponding ff^-cleft object SDjifo A(cr, /i). Recall F = TVxF. 
Let us write 

F{a) = TV r. 

Definition 4.7. Let TZ^{a,ii) be the union of the set TZ with the elements 

{adc Xt){xj) + Ayl - fiijgigj G 6) 

in F{a), where by convention, Ay = if ^ E, and Hij = if ^ S(cr). 
Define 

(4.3) A'^ia,^i)=F{a)/{n\a,^i)). 

Proposition 4.8. (1) The natural algebra map F{a) F(^F{a) as given in (3.8) 
induces an algebra map 

A^{a,fx)^H^^A^{a,fi), 

by which A^{a,iJ.) is an H^-comodule algebra. Moreover, A^{a,ij) is an -cleft 
object. 

(2) The canonical isomorphism F{a) ^ FOpF{(T) induces an isomorphism 
A\a,iJ,) BDHoA{a,fx) = ^B{A{a,^l)) 
of H^-comodule algebras. 

Proof. It is easy to prove the first assertion of Part 1. To prove the remaining, set 

C = A{a,iJ,), =A^{a,iJ,). 
Let J denote the kernel of the composite 

F{a) ^ FOpFia) BDhoC 

of the canonical epimorphisms of if^-comodule algebras. Set D = F{a)/J. We see 
easily that the quotient map F{a) — > D factors through an epimorphism 

f:C^^D 

of -ff^-comodule algebras. For Part 2, we should prove that / is an isomorphism. 
It suffices to prove that 

^A{f):AaH>.C'' ^ADh^D 

is an isomorphism. Wc sec just as above that the isomorphism F ^ FOFF{a) 
arising from id : F — > F{a) (see (3.9)) induces an epimorphism C ADjjxC'^. Its 
composite with $a(/) coincides with the canonical isomorphism 

C ~ AOh^D {'^ {ADHxB)aHoC), 

as is easily seen. It follows that $^(/) is an isomorphism, as desired. We see from 
Part 2 and Lemma 1.4 that A^{a,fi) is an iJ-^-cleft object. □ 
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Remark 4.9. We have such a natural section B that is defined, just as 

in Proposition 4.2.2, as the composite of (e^)^^ with the natural map E ^ B. 
Its composite with BOijo(l){a, n), where (t){cr,n) : H° — >■ A{a,iJ,) is the section as in 
(3.15), gives a section, 

(4.4) cl,^{a,n):H^ ^A\a,ii), 

as is seen from Part 2 above. Moreover, we see that for each I < r < N, the algebra 
Er{a) given in (3.16) is naturally embedded into A^{a, /i), so that A^{a, ji) together 
with (f)^{(j,ij) restrict to the i^^-cleft object Er{a) with the obvious section, in the 
same sense as in Remark 2.6; see also Remark 3.7. 

Proposition 4.10. Suppose thatqu — l G for alii G /. Then, (cr, /x) i-^ A^{a,iJ.) 
gives rise to an injection 

W(r,S; k) ^ Cleft(if^). 
Proof. This follows by Propositions 3.14, 4.8.2. □ 

5. Augmented central ff-^-CLEFT extensions 

We continue to fix A = (Xij) e k~, throughout this section. Define a subset E\ 
of S by 

(5.1) SA = {(z,j)eS| Ai,-^0}. 

Fix a fc- module M, and regard it as a trivial F-module. Let Z'^{T,M) denote the 
additive group of all normalized 2-cocycles F x F — > M. 

Definition 5.1. Let 

denote the set of all pairs (s, m), where s S Z'^{r, M), m = {rriij) G M~ such that 

(5.2) s{g,gi) + s{g,gj) = s{gi,g) + s{gj,g) for aU 5 e F, 

either if £ or if rriij ^ 0; notice that the condition depends on A. Given two 
pairs {s,m), {s',m') in Z^, we write (s,m) ~e (s',m'), if there exists a 1-cochain 
t : F — > M, i.e., a map with t{l) = 0, such that 

s' = s + dt, 

^'ij = rnij - Xij{t{gi) + t{gj)) G S). 

One sees that ~£ defines an equivalence relation on Z^. We denote by 

H,^r,S;M) = 2,V ~e 
the set of all equivalence classes in Z^. 

Recall from (1.10) the augmented algebra ku- By extending the coefficients 
from k to ku, we define the set ZiV, S; ku) just as in Definition 3.13. Let (a, /x) G 
Z{T,'E.;kM)- Thus, a e Z'^{r,k^j), and fj, = (/x^) G (fcM)^^'^\ where E{a) is 
defined by (3.12), but XiXj = *fsj should now be regarded as an equation in the 
group of group homomorphism F k^. We will suppose, as before, /x G {km)^ by 
setting /Xjj = if ^ S(cr). The pair gives rise to the central ff^-cleft extension 
A^{a,ii) over kM] see Definition 4.7. We say that A^{(j,ii) is augmented, if a;^ 
(i G /), g 1-^ 1 ((? G F) well defines an algebra map A'^{a,^) — > k extending the 
augmentation ku k. 
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Lemma 5.2. If {s,m) e Z^{T,E;M), the pair {a, fj,) defined by 

a = 1 + s, = Xij + rriij £ S) 

is in -Z(r, S; fcjvf), and A^[a,iJ,) is augmented. Every pair (cr, /u) in -Z(r, S;A;m) 
such that A^{a, ^i) is augmented, thus arises uniquely from a pair in Z^iT, S; M). 

Proof. One sees easily that such a pair (a, jj) that satisfies the condition is uniquely 
of the form as above. We should prove that the two conditions 

a&Z\V,klj), My =0 if 

are equivalent to (s,m) S Z^. The first condition is equivalent to s € Z'^iT,M). 
The second is equivalent to that (5.2) holds if {i,j) e or rriij ^ 0, since we have 

S(a) = {(i,i)GS| (5.2)holds}. 

These prove the desired equivalence. □ 

Given m = {mij) G M", we define 

\ + m^ (Ay + TOy ) (e (kM)")- 

Proposition 5.3. Suppose that qu — 1 £ for all i € I. Then, (s,m) i-^ A'^{1 + 
s,X + m) gives rise to an injection 

n^{T, S; M) ^ ZC\e%{H^; km), 

where ZClcfte(i7^; /cm) is defined by Definition 1.6. 

For the proof we remark that Definitions 3.8, 3.10 and Lemmas 3.9, 3.11, which 
are all concerned with cleft extensions for the Hopf algebra H^, are generalized in 
the obvious way to those extensions for H^. In addition. Lemma 3.12 is generalized 

by the following. 

Lemma 5.4. Let A^{(j, /z) be the H'^-cleft object as defined by (4-3). The images of 
Xi (i € I), g (g gV) under the quotient map TV y^^T ^ A'^ {a, h) are NB elements 
in which the images of Xi are all normalized. 

Proof. This follows by Remark 4.9. □ 

Proof of Proposition 5.3. Let (s,m), {s',m') be pairs in Z^. Set 

{a, /i) = (1 + s, A + to), (a, //) = (1 + s' , A + m'). 

We apply the generalized Lemmas 3.9, 3.11, and Lemma 5.4 above, to A'^{a,iJ,), 
A^{a',iJ,'), regarding them as ^M-cleft objects. It then follows that an aug- 
mented isomorphism A'^{a' , /i') ^ A^{a, ^) must be induced from an algebra map 
f -.TV >i„.T ^ TV yi„ r given by 

f{xi)=x^ {iGl), f{g) = {l + t{g))-g (ger), 

where i : F ^ Af is a 1-cochain. We see that / indeed induces the desired isomor- 
phism if and only if (s, to) ~£ (s', to'); this proves the proposition. See the proof of 
Proposition 3.14. □ 
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6. Classification results in the case of Cartan-type braidings 

We will impose additional assumptions, (C1)-(C4), on q — {qij) and TZ. Let 
A = {aij)i,j(zj be a GCM (generalized Cartan matrix). First we assume: 

(CI) q is of Cartan type [1] with respect to A in the sense that 

(6.1) qijqji = q"^-' for aU ij G /. 

Notice that (6.1) automatically holds if i = j, since an — 2. Since qijqji ^ 1 
implies a^- ^ 0, |i| ^ |j | implies that i and j are disconnected in the Dynkin diagram 
of A. 

The following claim follows from the proof of [H Lemma Al]. 
Lemma-Definition 6.1. Let i,j be distinct elements in I. If 

(6.2) (O?.. e fc'' for all <l < -a,j, 
then the element 

(6.3) (ndcx^f'^^^ixj) 

in TV is a primitive, where {l)qii denotes the qn-integer 

Such a primitive of the form (6.3) is said to be of Serre type. 

Notice that the element (6.3) is of the form (2.5). In addition to (CI), we assume: 
(C2) TZ consists only of primitives of Serre type. More specifically, 
n = 7^(l) = {(adea;,)'-"- (a;,) | (i,j) G H}, 
where H is a subset, 

n c {(i, j) G / X / I = IjI, z ^ j, (6.2) holds.}, 

(C3) gi, - 1 e fc^ for all i e I, 

(C4) quqjj - qtjqji G for all {i,j) e U. 

Under (C3), the condition (6.2) is equivalent to 

- 1 G for aU < ^ < -Oy . 

Remark 6.2. Let a G Z'^{r,k'^). Wc see from (3.3) that 

qu^Q-n, q1jq''jt = q^jqj^ {ijei). 

Therefore, if q, TZ satisfy the assumptions (C1)-(C4), then q"^ , a^TZ do. Cf. [2 Sect. 
3.2]. 

Theorem 6.3. Under the assumptions (C1)-(C4), (c, A*) ^ ^^(o', A*) gives rise to 
a bijection 

H(r,5;yfc) ^ Cleft(i?^). 

Proof. By (the proof of) Proposition 4.10, it suffices to prove the surjectivity, sup- 
posing A = 0, or Xij — for all (i,j) G S. Let A be an _ff°-cleft object. We should 
prove that A ~ A(cr, fi) for some (cr, /i) G Z. Choose a section : iJ" A, and set 

x^^(p{x^) {iel), 9^(l){g) (5 G r). 

By Lemma 3.11 and (C3), we may suppose that Xi are all normalized. There 
uniquely exists a G Z'^{T,k^) such that 

99 ^ <^i9,9')99' (5,5 eP). 
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This implies that in crA, 

(6.4) ~9~9' = 99' (5,5' er). 

By Proposition 3.4.2 and Remark 6.2, we can replace V with crV, and may suppose 
that (6.4) holds in A. It then sufBces to prove that A ~ A{ii) (see Definition 2.3) for 
some fj, € k^. We see that Xi Xi {i & I), g g {g & ^) define an i?°-comodule 
algebra map f : F = TVxT A. It sufiices to prove that / factors through 
j4(/x) — > A, which will be necessarily an isomorphism by Lemma 1.3. Since each 
{a,dcXi){xj), where e 0, is a {1, gigj)-piimitiye in F, we have = (/Xy) € fc® 
such that 

(6.5) XiXj = QijXjXi + Hijgigj Hhj) G ©)• 

Here, Htj = if ^ S; otherwise, HijCugj (= XiXj — qijXjXi) would not then 

commute with all g, where g E T. Choose an arbitrary element (6.3) from TZ, and 
let y denote its image in A. Then we have as above, c £ fc such that 

y = cg^ 'gj- 

The conjugations by gi, and by ijj give 
(6-6) qi^''''<ltjy = cg|""''5j (= y), 

(6-7) l]i''''<iny = cgl'^^'gj {=y). 

By (6.1), (6.6), one sees that 

(6.8) ^y = y. 

This together with (6.1), (6.7) imply that 

(6.9) ^y=^(^)"% = ,j-««,,,y = y. 

Since one sees by (6.8), (6.9) that {quqjj — qijqji)y = 0, it follows by (C4) that 
y = 0. We have shown that each element in TZ is zero in A. This together with 
(6.5) prove the desired factorization. □ 

Theorem 6.4. Under the assumptions (C1)-(C4), (s,m) t-^ A'^{l + s,X + m) gives 
rise to a bijection 

n^{T, S; M) ^ ZClefte(//^; /cm) (==^ H^H\ M)). 

Proof. By Proposition 5.3, it suffices to prove the surjectivity. Let A = {A, ea) 
be an augmented central iJ^-cleft extension over Um- By Lemma 1.7, it has an 
augmented section (p : A. Set Xi = cf){xi) {i £ T), g = (j){g) {g GV). Then, 

(6.10) eA{S:^) = 0, £^(3) = 1 {lel, geT). 

Regard A as an (g) /cM-cleft object. Then, ij, g form NB elements. By (C3), 
the Xi can be so chosen as to be normalized. This is possible with the property 
(6.10) preserved, as is seen from the proof of Lemma 3.11. Notice that Theorem 
6.3 still holds true over kM, under the same assumptions. Combining the result 
with Lemmas 3.9.1, 3.11 (generalized to H^), we have (a, /u) e .E(r, H;fcM) and 
1-cochain 77 : P ^ k^, such that {i € I), g ^ ri{g) ^g (g G P) induce an 

isomorphism A^{a,ii) ~ A of central ff'^-cleft extensions over /cm- By replacing 
(cr, /u) with (cr',/i') defined by (3.20), (3.21), we may suppose that ri{g) = 1 for 
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all 3 e F; see the proof of Proposition 3.14. Then, A^{a,fj.), being augmented, is 
necessarily of the form A^{1 + s,\ + m), by Lemma 5.2. This proves the desired 
surjectivity. □ 

7. Results for the quantized enveloping algebra Uq and the Borel 

SUBALGEBRA Bq 

In this section we suppose that A: is a field. Let A = (aij)i<ij<„ be an nxn GCM 
which is symmetrized by a diagonal matrix D = diag(- ■ ■ di ■ ■ ■) with < di S Z, so 
that diGij — djttji for all 1 < i, j < n. Let ([),n,n^) be a realization of A (defined 
over C), with 

n = {ai, . . . , an} (c r ), = K, (c t)). 

Let [)z C [) be a lattice such that 

G t)z, ai(f)z) C Z (1 < i < n). 

Fix ^ g e /c. Set 

q, (1 < i < n), 

and suppose that for each 1 < i < n, 
(7.1) ord(g2) > max{l, -a,y | j i}. 

Here, OTd{qf) denotes the order of qf in the group ; it is infinite (and then satisfies 
(7.1)), if qi is not a root of 1. 

Definition 7.1. |16| The quantized enveloping algebra Uq is the algebra (over k) 
which is generated by the elements 

K'' (/iGfe), X+,Xr {l<i<n), 

and is defined by the relations 

K° = 1, 



(7.2) 
(7.3) 



^txj-x-x+ = % 



9i - g» 
<li - li 



1 - a. 



l — aij 

(7.4) (-1) 

Here, the gf^ in (7.3) are defined by 

+1 



and the symbol 



m 
r 

ni 




5-'^X±^'". (l<i<n), 
denotes the Gauss binomial coefficients defined by 
[mjjm - l]j • • ■ [m - r + 1]^ 



1 , where [m] 



(m > r > 0), 



(m > 0). 
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The Borel subalgebra Bq of Uq is the subalgebra generated by K'^ {h G 
{l<i< n). 

The assumption (7.1) ensures that the denominators of the right-hand side of 

(7.3), and of the Gauss binomial coefficients in (7.4) arc non-zero. It is known that 
Uq forms a pointed Hopf algebra including Bq as a Hopf subalgebra, in which K'^ 
are grouplikes, is a (l,5i)-primitive, and X[' is a (g^"^, l)-primitive. We will 
see below that Bq (rcsp. Uq) is of the form i?" (rcsp. H^). 

Let m = dime f). Then, m — 2n — rank A, and l)z — Define 

(7.5) r:={K'' eUq\he f)z}. 

Then, F is a free abelian group of rank m, such that ()z — F via h i-^ . Moreover, 
it coincides with the groups G{Uq),G{Bq) of the grouplikes in the Hopf algebras 
Uq,Bq. Since aj{a^) = Uij by definition, we have by (7.2), 

(7.6) 9iXf = q:''Xf9i. 
Notation 7.2. Let /+ = {1, 2, . . . , n}. Define Xi e L (i e /+) by 

X,(X^)=g"-W (/i€f)z). 
Define an object in ^yV by 

(7.7) V+ = {xi,gi,Xi}iei+- 
Since Xjidi) = the associated braiding is given by 

(7.8) c:V+^V+ ^V+^V+, c{xi® Xj) = q^'' Xj ® Xi, 
which is afforded by the matrix 

(7.9) q+ = (gi,)i,,-67+, where q^j = q^' = 9*"*^ 

We see that q+ is of Cartan type with respect to the GCM A; see (CI) in Section 
6. To construct, as in Section 2, from the V+ above, we do not decompose /+ 
into disconnected subsets, so that we set 7?.° = TZ. We choose as TZ (= 7?-(i)) the 
set 

(7.10) 11+ = {(ad,.T,)^-"-(a;,) | i^j], 

which consists of primitives in TV+. of Serre type, by the assumption (7.1); see 
Lemma 6.1. We thus construct 

=TV+><V/{n+). 

Lemma 7.3. xi X^ (i € I+) gives such an isomorphism if" ^ Bq of Hopf 
algebras that is identical on the group algebra kV. 

Proof. This is easy to see, and is well known. Notice that the image of (adc XiY~°'*^ {xj) 
in Bq coincides with the left-hand side of (7.6) with plus-sign. □ 

In some places we will impose the following assumption. 
(Cg) q^di+dj-diaij) ^ I foj. all j ^ j in 7^ 
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Theorem 7.4. Under the assumption (Gq), the restriction maps give a bijection 

ZCMt{Bg;Z) ^ Cleft(Zr) {Z'')^'^))^ 
and a k-linear isomorphism 

H^{Bq,M) ^ H^{r,M) (~Af(")), 

where Z ^ is a commutative algebra, and M is an arbitrary k-vector space, 
regarded as the trivial module over Bq, and over T . 

Proof. In the present situation, 

n{T,E;Z) = H^{T,Z''), H^{T,E;M) = H^iT,M), 

since = S = 0. The theorem will follow from Theorems 6.3, 6.4, if we see that 
the assumptions (C1)-(C4) are satisfied. Obviously, (CI), (C2) are satisfied. (C3) 
is ensured by (7.1). Since we see from (7.9) that 

liiljj _ 2{di+dj -diUij) 
Qij Qji 

(C4) is precisely (Cg). □ 

Remeirk 7.5. Let M be a trivial module over T (~ Z™) as above. Choose an 
ordered Z-free basis of F, say ei, . . . , e^. As is well known, 

a {a{ej,ei) - cr{ei,ej))i<j 

gives an isomorphism 

(7.11) //■2(r,M) ~ m(2'). 

In particular we have 

Cleft(Zr) ~ H^{T,Z'') ~ (Z>^)("), 
where Z is a commutative algebra. 

Notation 7.6. Let /_ = -/+ = {-1, -2, . . . , -n}. Define V- G ^yV by 

V- = {x-i,gi,x^%ei+- 

Set 

/ = /+□/_, V = v+®V- {G^yv). 

We denote the associated braiding on V, which extends the c on V+ given by (7.8), 

by the same symbol c: Vi^V^V^V. 

Notice that {V, c) is of diagonal type, with c afforded by the matrix 

( q+ ^+ ) ' ^^^^^ ^+ " ^'ii3^^i'j^i+- 

Here we have supposed that the indices in I are in the order 1, 2, . . . , n, — 1, —2, . . . , — n. 

Moreover, q is of Cartan type with respect to the GCM A © A. 

To construct, as in Section 4, from V, we decompose / into Ii = J_ and 
I2 = I+, which are mutually disconnected. Then, 

= {(h-j) I «>i e /+}, s D I i e /+}. 
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We can choose A = {Xi^-j) e /c", so as 

(7.12) K-J=S^J — ^—T ihjel+). 

- q. 

Define 

7^ = 7^(l) = {(adca;±,)'-"- (x±,) \ i, J e I+,i ^ j}, 

which consists of primitives in TV of Serre type, by the assumption (7.1). Therefore, 
TZ^ denotes the union of the set TZ with the elements 

(adcXi)(x-j) - 5ij ^'^^ G /+). 

qi - qt 

We thus construct 

^TVxT/in^). 

Lemma 7.7. Xi i~> ' ^ -^T -^i ^ -^+) 9^^^ such an isomorphism ^ Uq 
of Hopf algebras that is identical on kT. 

Proof. This is also well known; a detailed proof can be found in [131 Bemerkung 
4.2]. We only remark that the image of (adc a:_i)^~"'J (x_j) coincides with the 
left-hand side of (7.4) with minus-sign, modulo multiplication by a unit. □ 

The isomorphism above transfers the natural filtration on iJ^ onto Uq, so that Uq 
turns into a filtered Hopf algebra with respect to the filtration {Uq)o C (t/g)i C • • • 
in which {Uq)r is spanned by those monomials in A''' {h £ tjz), Xf' (i G /+) 
containing Xf' at most r. Let gr Uq denote the associated graded Hopf algebra. 
On the other hand, let {Uqf' denote the (graded) Hopf algebra defined just as Uq 
except that the relation (7.3) is replaced by 

X+XJ - Xrx+ = 0. 

Theorem 7.8. (1) We have a canonical isomorphism (Uq)'^ ~ grUq of graded Hopf 
algebras. 

(2) Uq and (UqY' are cocycle deformations of each other. 

Proof As in Section 2, we define H° = TVxT/{VP), where VP is the union of 
the set TZ with the elements {adcXi){x^j) {i,j £ /+). Just as Lemma 7.7, we have 
an isomorphism ~ {Uq)^ of graded Hopf algebras. The theorem now follows by 
Theorem 4.3 and Proposition 4.4.3. □ 

Remark 7.9. Suppose that the GCM A is of finite type. In this case the result of 
Part 2 above was proved by Kassel and Schneider [THj in a different method. They 
also proved the same result for the Frobenius-Lusztig kernels Uq, which is a finite- 
dimensional quotient Hopf algebra of Uq defined when q is a root of 1; this result 
also follows from our Theorem 4.3, in the same way as above. Didt [8] obtained 
results on cocycle deformations of finite-dimensional Nichols algebras and their 
liftings. Among others, he obtained the result ^ Theorem 1] for those algebras 
defined with zero root vector parameters [2l [3] , which generalizes the above-cited 
result for Uq. Even this result by Didt follows from our Theorem 4.3; see Remark 
A. 2 in Appendix. 

Definition 7.10. Let U'^ denote the subalgebra of Uq generated by gf^, Xf {i e 
/+); this is indeed a Hopf subalgebra. 
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If dctA ^ (e.g., A is of finite type), then ()z can be chosen so as f)z = 
0r=i '^dia)' , in which case C/^ = Uq. 
Replace the definition (7.5) of F by 

r := {gl G (7^ I / e z, i e /+}. 

This is the free abelian group on the set {gi}iei_^, whence F ~ Z", and it coincides 
with the group G{Ug) of the grouplikes in U^. Accordingly, replacing the definition 
of iJ^, let denote the Hopf subalgebra of the original one which is generated 
by g^^, x±i (i G 7+). We then still have just as in Lemma 7.7, such a Hopf algebra 
isomorphism — U'^ that is identical on kT. 
Let Z 7^ be a commutative algebra. Define 

V = {(i,i) |i,je7+, i<j}. 
Then, #V = 2 )• L*^* " = ("y)i<J ^ (^'')^- We set 

Uii = l, Uji = uT^ [i < j). 

Define 

(7.13) E{u) = e II I gd.(a..-a.,) ^ fQj. ^ g j^y 

The group {Z^y+ acts on from the right by 

(M'^)ij = fJ-iji^ii^j G S(u)), 

where lo = (wi) e {Z''y+, jj. = {inj) G Let Z=(")/(Z><)^+ denote the set of 

all orbits. 

Example 7.11. Assume (Cg). If m = 1, or namely if Uij = 1 for all i < j, then 

E{1) = {{i,i)\i&I+}, 

since the condition given in (7.13) for r = i,j implies q^idi+dj-diaij) __ ^ follows 
that 

Definition 7.12. Given /x = (/x^ ) G let ^g(u, /x) denote the Z-algebra which 

is generated by the elements gf^^Xf {i G 7+), and is defined by the same relation 
as (7.6) (with g^^,X^ replaced by gf^,Xf), and by the additional relations 

9i9i^ = 1 = 9r^9i, 
9j9i = UijQiQj [i < j), 

qi-q^ 

l~aij 

r=0 

l — a^j 

(7.14) Yl i-^^^y 

r=0 



(X-)i-"--'^X-(X-)'- = 0{i^j). 
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Proposition 7.13^ p{gf^) = gf^ ® ~gf \ p{X+) =X+®l+gi® X+ , p{Xr) = 
Xj~ (E) + 1 (S) X^ define a Z -algebra map 

p : Ag{u,iJ,) U'qiSi Aq{u,iJ,), 

by which Ag{u,p.) is a central Uq-cleft extensions over Z. 

Proof. Choose a E Z'^(r,Z^) whose cohomology class corresponds to u via a 
bijection as in (7.11); thus, cr{gj,gi)/a{gi,gj) = Uij. Then, S(u) ~ 2(a) via 
ihj) ^ ih —3)1 by which we can regard p G ^(cj). Then one can construct the 
H^®Z-c\eii object A^{a, p) as in Definition 4.7, where A is kept as in (7.12). Notice 
that (7.14) is equivalent to 

(Xr^,)i-««-(X-i^,)(Xr^,)- = 0. 

Then one can see that the Z-algebra map T{V®Z) y^„T ^ Aq{u, p) given by gf^ ^ 
gf^, Xi I— > Xf , X-i I— > X~gi (i € /+) induces a Z-algebra isomorphism A^{a,p) ~ 
Aq{u, p), by which and by ~ Uq, the il^-comodule algebra structure on ^^(u, p) 
is transferred to the ?7^-comodule algebra structure on Aq{u, p) prescribed above. 
This proves the proposition. □ 

Theorem 7.14. Assume (Cq). Then the maps ZCleft(t/^; Z) (u € 

{Z^)'^ ) defined by p^ Aq{u, p) give rise to a bijection 

\J Z=(")/(Z^)^+ ^ZCleft(C/^;Z). 

Proof. The assumptions (C1)-(C4) are satisfied, as is seen in a similar way of the 
proof of Theorem 7.4. We remark in particular that (C4) is still equivalent to (Cg) 
in the present situation. 

Given {a, p) G Z(T,E;Z), suppose that the cohomology class of a corresponds 
to u G (Z^)^ . Assign then p £ to {(J,p), identifying S(u) = S(cr). One sees 

that this assignment gives rise to a map 

?i(r,S;Z) ^|Jz-("V(^'')^- 

u 

By Theorem 6.3 and the proof of Proposition 7.13, it suffices to prove that this 
map is bijective. The surjectivity is obvious. For the injectivity, suppose that 
{a,p), {cr',p') have the same image. Then, a and a' are cohomologous, and we 
have r]{gi) G Z^ (i e /+) such that 

Mij = fJ'ijV{9i)v{9j) iihj) e S(m)). 

We should prove that gi vigi) can extend to a 1-cochain rj : T ^ Z^ such 
that a' ~ a{drj). This is possible by the freeness of V. In fact, suppose that in 
a (necessarily split) extension Z^ ^ G ^ F of abclian groups, a section g g, 
r ^ G affords a 2-coboimdary r : F x F —>■ Z^. The group homomorphism 
f : Z^ X T —> G uniquely determined by 

./lzx=id, /(.g,:) = ??(.g,;).g» (i e 1+) 

gives an equivalence Z^ xT ^ G of extensions. This implies r = drj. We can apply 
this result for r to a'a~^, since a'a~^, being a 2-coboundary, is symmetric. □ 
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Remark 7.15. Giinther [13i Satz 4.9, Lemma 4.11] determined the set ZCleft([/g; Z), 
assmning that the GCM A is of finite type. Our parametrization by (m, /i) is essen- 
tially the same as Giinther's. But, he supposes, with our notation, that /i can take 
non-zero values outside unless Z is an integral domain; this is wrong. 

Theorem 7.16. Assume (Cq), and that the characteristic chfc ^ 2. Then for any 
trivial U'q-module M , 

H^{U'g,M) = 0. 

Proof. Since the assumptions (C1)-(C4) are satisfied (see the proof of Theorem 
7.14), it suffices by Theorem 6.4 to prove that H^(r, S;M) contains only one ele- 
ment. 

We see from Example 7.11 that under (Cq), 

s = Sa = I i e /+}. 

Let (s,to) G Z^(r, S;M). Then, s e Z^{r,M), m = {mi-i)tei+, such that 

(7.15) 2s(g,g,) = 2s(<7.,<7) (i e /+, g G F). 

Take another (s', to'). We have to find a 1-cochain t :T ^ M such that 

(7.16) s' = s + dt, 

(7.17) m- _j = -Ai,_i2i(5i) + TOj,_i (i e /+). 

We can choose elements t{gi) G M {i £ /+) satisfying (7.17), since we assume 
chk ^ 2. The assumption and (7.15) imply that s{gj,gi) — s{gi,gj) for all i < j, 
whence s is symmetric (and a 2-coboundary). Just as in the last part of the proof 
of Theorem 7.14, gi t-^ t{gi) can extend to a 1-cochain t satisfying (7.16). □ 

Remark 7.17. (1) Suppose chfc 7^ 2. For any trivial C/^-module M, 

since we see that an augmented algebra map U'^ — > km is necessarily trivial; see 
[301 Sect. 9.2]. 

(2) Suppose that the GCM A is of finite type. We choose D = diag(- ■ ■ di- ■ ■) 
and f)z in the standard way, so that di G {1,2,3}, and f)z = ©"^i^d^a^. Hence, 
Uq = Uq. Suppose chk = 0, and that q is transcendental over Q. Then every 
finite-dimensional C/g-module is semisimple [TSl 5.17 Theorem]. Let M be a finite- 
dimensional simple [/^-module. Then we see just as in the classical, Lie-algebra 
situation [30l Theorem 7.8.9], that if M ^ k, then 

(7.18) W{Uq,M) = Ext[;_^(fc,M) = {i> 0), 

since the center Z{Uq) of Uq acts on M through a non-trivial algebra map ZiUq) 
k, while it acts on k through the trivial Z{Uq) k; see [151 6.26 Claim]. By 
Theorem 7.16 and Part 1 above, the equation (7.18) holds true when i = 1,2, even 
if M = A:. This result is a quantum analogue of Whitehead's lemmas [ITl Corollary 
XVIIL3.2], [301 Corollaries 7.8.10, 7.8.12]. 

(3) It is possible to apply some classification result of non-central cleft extensions 
to compute the 2nd cohomology with non-trivial coefficients. For example, let T be 
Taft's Hopf algebra of dimension N'^, supposing that k contains a primitive A^-th 
root C of 1 . If we let F = {g) denote the cyclic group of order N with a generator 
g, and let x G F such that x{9) = d then T = k[x]/{x^) xT in which x spans an 
object {a;, g, x} in r3^^- There are precisely N simple T-modules k{i) {0 < i < N), 
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which is l-dimensional and arises from the character x*- From the results in [20] 
on T-cleft extensions, we see 



In this appendix, we suppose that /c is a field of characteristic zero. Very recently, 
Grunenfelder and Mastnak [12l Theorem 3.5] formulated essentially the following. 

Theorem A.l. The finite- dimensional pointed Hopf algebra u(X', A, /i), which was 
defined by Andruskiewitsch and Schneider Definition 4.3] as a general form 
in their classification list, is a cocycle deformation of the associated graded Hopf 
algebra u(T>, 0, 0). 

The proof by Grunenfelder and Mastnak depends on the author's [221 Theorem 
2], which, however, was wrong, missing an assumption; the corrected formulation, 
given in the author's private notes, was published in ^ as Theorem 3.4. An ear- 
lier version of jl2j missed the missing assumption, which was soon verified in this 
appendix in an earlier version of our paper. The revised paper [12! refers to the 
appendix for verifying the assumption. On this occasion of revision we will give a 
more self-contained (and hopefully complete) proof of Theorem A.l; see Remark 
A.8 below. 

Let A = {aij)ij he a 6 x 9 GCM of finite type, and let denote the set of 
the positive roots in the associated root system. Set / — {1, 2, . . . , 6*}, and let 
/i,...,/f (c /) denote the connected components in the Dynkin diagram of A. 
Regard / C as the subset of the simple roots. Let F be a finite abelian group, 
and suppose that we are given 



Suppose that the matrix q = {qij) given by — Xj{9i) is of Gartan type (see 
(6.1)) with respect to A. Suppose qu ^ 1 (i G /), and that each qa is a root of 
1 of odd order, satisfying the additional assumption given by [3l (2.5)]; it ensures 
that the order of qu is constant on each component Ir- Let a £ and let Ir(a) 
denote the connected component in which a has its support. Let denote the 
constant value, mentioned above, on Ir(a)- Andruskiewitsch and Schneider [3l Sect. 
2] defined the root vector Xq, (s TV) as an iterated braided commutator of those 
Xi with i e Ir(a)- Let Xa S f defined by gXa = Xa{g)xa (ff G F). 

To reconstruct the relevant algebras by our method, we first verify that / = 
/i U • • • U/j is a partition of / into mutually disconnected (in our sense), non-empty 
subsets. We may suppose that i > j whenever r{i) > r{j) (or \i\ > \j\ with our 
notation). Then the set Q turns to be 



where i ~ j (resp., i 7^ j) means that i and j are connected (resp., disconnected). 
To construct the graded Hopf algebra from the V above, choose L £ N so that 
L > ht(a) for all a G and define 




§tefan Theorem 2.8] proved this result, supposing that A is a prime. 



Appendix. On the Hope algebras u{T>, A, /i) defined by 
Andruskiewitsch and Schneider 



V = {x^,g^,x^}^eI £ r3^^- 



e = {(i,j)e/x/|i> j, «7^j} 



= 7^(o) c 7^(l) c • ■ • c 7^(i) = n 
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by 

7^(l) = {(adcXi)^-"^^ {xj) I ^ - j}, 

7e(„) = 7e(i)U{xMae$+, ht(a)</i, 7^1} {K h < L). 

By [H Lemma A.l], TZ^i) consists of primitives in TV. 

Let a G Let Pi, . . . ,(3p be the elements in ^J""*" with support in Ir(a) which 
are given in such a special order as described in O Sect. 2]. By ,3:, (2.12)], the 
coproduct A(a;^") of TV/{TZ(^i)) is given by 



(A.l) A{x^-) = x^" ®l + l®x^- +J2tb. 

in which the summation is taken over all non-zero vectors 
6 = (6i, . . . ,6p), c = (ci, . . . ,Cp) in 
such that X]f=i(^i + ~ a. In addition, th^c G k, and for a = (ai, . . . , Op) S N^, 
(A.2) z" := x^^"^ ■ • ■ where iV iV„. 

In (A.l), the heights ht(/3;) of those /3/ for which appears in z'' or z"^ are all less 
than ht(Q;). By using [31 Theorem 2.6.1], one sees that if Xa" 1' '^^ namely if x^" 
is not F-invariant, some that appears in or z'^ is not F- invariant. Therefore 
every element in Ti{h) {h > 1) is a primitive modulo {TZ(^h-i))- We can thus define 
as in Definition 2.2, a graded Hopf algebra, 

i/n = TVl{Tl°)xT. 

Choose arbitrarily Ay G k for each G O with XiXj = 1? s-nd set A = G 
A:". By Proposition 4.2.3, we obtain a Hopf algebra, 

= ^F><3F/(7^^), 

and an (i/°, i7^)-bicleft object, 

A{\) ^Tv ^ ^/(7^(A)). 

Remark A.2. We can define 'R-(h) (1 < h < L) alternatively so as 

= U {x^^ I a G $+, ht(a) < h}. 

In this case, our Theorem 4.3, telling that and i/'^ are cocycle deformations of 
each other, is precisely Didt's 8, Theorem 1]. 

Recall from Remark 2.6 and an analogous fact that and ^(A) all natu- 

rally include the Hopf algebras 

TV 

(A.3) £;,. = T,. ><F {l<r<t), where Tr = —^, 

SO that the coactions 

(A.4) ® A{X) ^ A{X) A{X) (E) 

restricts to the coproduct of Er. 
Define 

$+ := {a G $+ I = 1}. 
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Suppose a G . Let ga = \xa\ (<= T), the degree of Xa in T, and set N = Na- 
It follows by (A.l) that the coproducts A(a;^) both on H'~' and on iJ'^, p{x^) and 
p'{x^) are all given by the same formula 

(A.5) x^ (E>l + g^ (E,x^ + Y,tb,cz''h'®z^, 

b,c 

where 

and b, c now may be restricted to those for which &( = c; = unless /?; G 

Lemma A. 3. Let a E . Then, x^" is central all in , in A{X) and in . 

Proof. The result in iJ" follows by [21 Theorem 2.6.3]. 

To prove the result in ^(A), set N = Na- Obviously, gx^ = x^ g for all <? G F. 
Choose any i G /. We will prove XiX^ = x^ Xi. This follows from the result in H° 
and Remark 2.6, if i G /^(a) • We suppose i ^ Ir{a) ■, to prove the desired equation by 
induction on ht(a). Since a;^ is central in iJ", p{xi) {— Xi®\ + gi® Xi) commutes 
with the first term x^ ® 1 oi p{xa) given in (A.5). It commutes with the last 
summation, by the induction hypothesis. Here, notice from (6.1) that in (and 
also in A(A), H^), 

(A.6) x^h'' = x^^' ■ ■ ■ Xp^" {9i) = h^x^. 

If we set w — XiX^ — x^Xi (g A{X)), it follows that p{w) ~ gig^ (g) w, whence 
w = dgig^ for some d € k. But, since > 1, d must be zero, as is seen from 
(2.18). Hence, XiX^ — x^Xi, which completes the induction. 

To prove the result in H'^, we will modify the proof in A{X) just above, and prove 
by induction on ht(a) that for i ^ Ir(a), w = XiX^ — x^ Xi (g H^) equals zero. By 
using the result in A{X) and the induction hypothesis, we see p'{w) — gig^ w, 
whence w = e{w)gig^ = 0, as desired. □ 

Let B denote the subalgebra of TJ" generated by all x^" {a G ^q); this is a left 
coideal subalgebra. Let T' denote the subgroup of F generated by all g^" {a G $0 ). 
Notice that B and F' generate a Hopf subalgebra of H^. 

Proposition A. 4. (1) B is a commutative polynomial algebra with indeterminates 
(a G 

(2) and both naturally include B ® kV as a central Hopf subalgebra. 

(3) A(X) naturally includes B®kT' as a central subalgebra, so that the coactions 
p, p' given in (A. 4) restrict to the coproduct on B ® kV . 

Proof. (1) We see from [3l Theorem 2.6] that those (a G $([) which are con- 
tained in a single are algebraically independent. This together with Lemma A. 3 
and Proposition 2.5.1 imply the desired result. 

(2), (3) First, notice from (A.6) that each g^° [a G $([) is central all in i/", 
A{X) and H^. Then the desired results follow from Lemma A. 3, Propositions 2.5.1 
and 4.2.2; see also Remark 2.6. □ 

Choose arbitrarily an algebra map / : _B — s- /c, and extend it uniquely to an 
algebra map 

f:B®kV'^k with /(g) = 1 (5 e F'), 
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which is necessarily convolution-invertiblc. One sees that 



define algebra automorphisms of i? ® kV . Notice that 

(A.7) h^f-h-f-\ B (X) kV ^ B ® kT' 

is a Hopf algebra automorphism. Define three ideals of i? (g) kT' by 



a:=B+®kT', b := / • a, c:=/-a-/"\ 



and let 



(a)ci?°, (b)cA(A), (c)ci?' 



denote the ideals generated by a, b, c in the respective algebras. Notice that a, c, 
(a) and (c) are all Hopf ideals. Let ip : B ® kT' kT' be a unique algebra map 
that makes the following commute; cf. defined in [3, Theorem 2.13]. 



Here, e(8)id, arising from the braided Hopf algebra map e : i? — > fc, is a Hopf algebra 
map. Hence, 1^9 is a Hopf algebra map, which is identical on kT' . It is easy to prove 
the following lemma. 

Lemma A. 5. c = Kcr(^. This ideal is generated by x^" — (p{x^") (a £ ). 

Proposition A. 6. The coactions p, p' in (A. 4) induce 

H^ia) A{X)/{b) ^ A{\)/{b) ^ A{X)/{b) ® H^/{c), 

by which A{\)/{b) is an (H^ /(a), /{c))-bicleft object. Hence, H°/{a) andH^/{c) 
are cocycle deformations of each other. 

Proof. It suffices to prove that A{\)/{b) is a biGalois object (i.e., a biGalois ex- 
tension over k), which is necessarily a bicleft object since /{a) and H^/{c) are 
pointed. 

We know that f-:B^B® kT' C ^(A) is an iJ°-comodule algebra map from a 
central left coideal subalgebra i? of a pointed Hopf algebra 7?°, which is faithfully 
flat over B, into the center of an _ff°-Galois object A{\). It follows by (the opposite 
side version of) Giinther's theorem ^ Theorem 4] that A{\)/{f ■ B+) = A(A)/(b) 
is a Galois object for H° / {B^) = H° / (a) with respect to the coaction induced from 
P- 

To see that A{X)/{b) is a right i?'^/(c)-Galois object, we will prove that the 
(so-called Galois) isomorphism 



B®kT' 



(A.7) 



B®kT' 




kT' 



-1 : A{\) ® A{X) ^A{\)®H^ 



given by 7(0 ®b) = ap'{b) maps 



X := (b) ® A{X) + A{X) ® (b) 



onto 



Set B' ^B® kT'. S: 
(A.8) 



r {b)®H^ + A{X)®{c). 
lince we see as in the proof of 22 , Theorem 2] that 
-t{b ® B' + B' ®b) = b ® B' + B' ® c. 
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it easily follows that 7(X) C Y. Let 

4) ^ 4>^ : ^ A{X) 

denote the section as given in Proposition 4.2.2. The composite inverse of 7 is 
given by 

r^~^{a®h)^^a(j)-^{hi)®(j){h2) (aev4(A), h e H^). 

We see then easily that j^^i{b) (g) H^) C (b) ® yl(A) C Y. By Lemma A.5, it 
remains to prove that for a G 

7-1(1 ^(a;^-^(^^))i^o)cr. 

But, this follows from (A. 8) and the next lemma. □ 

Lemma A. 7. Let (j> : be as above. For each 1 < r < t, let h,. be 

an arbitrary element in the Hopf algebra Ej. as given in (A. 3), which is naturally 
embedded both into A{X), and into . 

(1) ^{hi---ht) = hi---ht. 

(2) (f>^^{hi ■ ■ ■ ht) — S{ht) ■ ■ ■ S{hi), where S denotes the antipodes of Er- 

Proof. Recall that and A{X) are both naturally identified with Ti(g)- • -(gjTt^/cr, 
where Tr are as in (A.3). Let yr £ Tr and 5 G F. Then, (p is given by 

<^(yi ■ ■ ■ vtg) = yi ■ • ■ vtg- 

(1) We can prove by downward induction on 1 < r < t that (pijir ■ ■ ■ ht) = 
hr ■ ■ ■ ht. 

(2) Define iP : ^ A{X) by 

tpivi ■ ■■ytg) = g^^Sijjt) ■ --Siyi). 

Then one sees just as above that 

i;{h,---ht) = S{ht)---S{h,), 
which implies t/j ~ 4>~^ ■ This proves the desired result. □ 

Proof of Theorem A.l. By [3, Definition 4.3], the Hopf algebras A, /i) are pa- 
rameterized by 

A=(Ay)Gfc", Ai=(Ma)efc*o 

in which ji^ — \i g^" = 1. The graded Hopf algebra u{V,0,0) is given by the 
zero parameters A^ = /i^ = 0. We see easily that 

u(P,0,0) = H°/{a). 

Choose arbitrarily a connected component Ir in /, and let . . . , /?p be, as above, 
the positive roots with support in 1^. For ^ a € W , let z'^ be as in (A. 2), which, 
however is now regarded as an element in B (therefore, we may suppose a/ = if 
/ 1). For the algebra map f : B ® kV k as above, define an element in 
B k> kV by 

Siz'^) := z'^ + /-i(z")(l -h'^) + Yl ttcr\^'V, 

b,c 
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where ^ is the scalar as defined in ^ Lemma 2.8], and the summation c 
taken over all non-zero vectors &, c in W such that 'Y^.^ii^i '^ci)(3i = Ym=i '^iPi- 
was essentially proved by [HI Proposition 3.3.6], we have 

f-z'^-f-'^S{z'^) + J2ttJ{z'')h^f{z^). 

b,c 

By definition of the Hopf algebra map (^a : B®kT' — * fcF', we have iy9(/-z°-/^^) — 0. 
By induction on the height ht(^^^-^ aiPi), we see ip{5{z°-)) — 0, or namely 

(A.9) ^{z'^) + - h'^) + Y.^lJ-\z^)ip{z^) = 0. 

b,c 

(We can also conclude that if /i° = 1, then the value f~^{z°') does not have any 
effect on the Hopf algebra automorphism (A. 7).) Define / so that 

(This is possible, since f ^^ — f ° S , where S is the antipode, that is an involution, 
oiB® kV.) Compare (A.9) with [3l (2.15)], setting /"^z") = -^la■ Then we see 
from [3, Theorem 2.13.1] that ip^x^") coincides with the element Ua{fi) defined by 
[3l Definition 2.14]. Moreover, in the definition of i?'^, replace A with —A — (— A^j). 
Then we see 

u{V,X,fi)=H-^/{c). 
The desired result now follows by Proposition A. 6. □ 

Remark A. 8. We have modified (and supplemented) the proof of Grunenfelder 
and Mastnak [H] Theorem 3.5]. Their proof starts from an algebra map / : 
K{V) ><J r — > fc, where K{T>) ><3 F is a Hopf algebra which has our B (g) kV as a sub- 
quotient; see the paragraph preceding [121 Theorem 3.5]. But, the well-definedness 
of their / seems unclear (at least for the author). They refer to (an earlier version 
of) our paper for the proof that the bicomodule algebra, our A{X)/(b), which is to 
be a biGalois object is non-zero; this is the assumption for fH Theorem 3.4] which 
was originally missing in [22] . 
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